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CHAPTER  I 


INTRODUCTION  AND  MOTIVATION 


Within  the  last  six  years  a  number  of  publications 
concerning  SJjls  on  the  dual  of  a  nuclear  space  have 
appeared.  In  a  series  of  these  articles  [10],  [11],  [12], 
K.  ltd  has  investigated  special  SDEs  on  the  spaces 
i/' (*  space  of  all  tempered  distributions)  and  £?'(»  space 
of  all  distributions),  and  other  authors  have  studied 
particular  SDEs  on  more  general  dual  nuclear  spaces 
including  Y.  Miyahara  [23],  and  G.  Kallianpur  &  R.  Wolpert 
[14]. 


Apart  from  its  appealing  probabilistic  aspects  research  in 
this  area  has  been  stimulated  by  applications  to  such 
diverse  fields  as  infinite  particle  systems  in  statistical 
mechanics  (Holley  and  Stroock,  [8]),  chemical  reaction 
kinetics  (P.  Kotelenez,  [17])  and,  most  recently,  to 


■  •  '  »  ’  •  ’  *  •”»*-* 
•*  *  •/  «  •  *  “  •  *  .  *  . 1 


r./y. 


neurophysiology  (6.  Kallianpur  6  R.  Wolpert,  [14],  [15]). 

The  primary  motivation  for  studying  SDBs  on  the  dual  of  a 
nuclear  space  comes  from  the  desire  to  solve  stochastic 
partial  differential  equations  (SPDEs).  Here,  we  shall 
restrict  attention  to  linear  SPDEs. 

Just  as  in  the  case  of  classical  partial  differential 
equations  there  are  basically  two  different  approaches  to 
this  problem: 

I:  Given  a  suitable  partial  differential  operator  (PDO) 

D  in  d  dimensions  and  a  Wiener  process  W.  w  indexed  by 

X 

time  t  >  0  and  spatial  points  x  e  Rd,  find  a  process  V 
(indexed  by  t  >  0  and  x  e  *d)  such  that 

dV( t,x)  -  DV(t,x)dt  +  dW.  „ 

Uf  X 

V(0,x)  «  Vo(x) 

The  main  problem  with  this  approach  is  that  even  for  a 
very  simple  D  a  solution  of  this  form  may  not  exist  (take 
for  example  d  ■  2  and  D  *  —  I;  see  J.B.  Walsh  [29] 

section  10). 

Therefore,  inspired  by  the  development  of  classical  PDE 
theory,  one  may  try  to  look  for  generalized  solutions 
instead: 


lit  Given  a  suitable  POO  D ,  a  space  §  of  "test 
functions"  and  a  —valued  Wiener  process  W  (to  be 

defined) ,  find  a  valued  process  *  <^t)t>0  such 

dj}tt^]  »  J^tlD4>]dt  +  dWt[4>] 

V  M  i 

170I4»3  -  xi*] 

-Countably  Hilbert  nuclear  spaces  (see  Appendix)  were 
introduced  by  Gel'fand  as  generalizations  of  the  Schwartz 
space  y(R^)  and  therefore  seem  appropriate  as  a  choice 
for  <| . 

Perhaps,  one  lay  wonder  if  it  is  not  sufficient,  for  all 
practical  purposes,  to  consider  the  case  $  «  -^(*d). 
However,  as  pointed  out  in  [14],  this  is  far  from  the 
case;  even  in  applications  (such  as  neurophysiology,  where 
a  suitable  $  may  be  a  space  of  infinitely  differentiable 
functions  on  a  compact  Riemannian  manifold)  there  is  no 
guarantee  that  the  relevant  space  of  test  functions  can  be 
accomodated  as  a  subspace  of  ^(R^). 

Until  now,  no  general  theory  has  been  developed  for 
stochastic  partial  differential  equations  on  the  dual  of  a 
countably  Hilbert  nuclear  space.  Our  primary  objective 
here  is  to  solve  the  following  problems  (see  Appendix  for 
terminology); 


Let  $«-*  be  a  rigged  Hilbert  space.  Let  A  :  J  | 

be  linear  and  continuous.  Let  M  -  (Mt)|>>0  be  a  valued 

2  ~ 

L  —semimartingale  (to  be  defined)  and  let  be  a 

y'  —valued  random  variable. 

i)  Give  conditions  on  A  assuring  that  the  SDE  on 

t 

ast  -  A'5tat  +  dMt;  So  - 

has  a  unique  solution. 

ii)  The  solution  is,  of  course,  a  process  on  <$' .  But 

<£'  *  q>0^— qf  and  hence  i®  also  relevant  to  ask  whether 
for  some  q  >  0  t  e  $  for  all  t  e  t0,oo)  or  at  least  all 
t  6  [0,T]  for  some  T  >  0. 

iii)  Investigate  the  weak  convergence  of  solutions;  i.e. 
loosely  speaking,  if  the  noise  and  the  initial  condition 
converge  weakly  then  does  the  solution  also  converge 
weakly  ? 

Chapter  III,  which  is  the  main  chapter,  is  devoted  to  the 
solution  of  these  problems.  In  chapter  IV  we  address  our 
second  objective  which  is  to  suggest  a  new  approach  to 
modelling  neuronal  behaviour  via  j$'  — valued  SDEs,  and  to 
illustrate  how  the  weak  convergence  result  from  chapter 
III  can  be  useful  in  the  context  of  modelling  in 
neurophysiology. 


Special  examples  of  solutions  to  one  particular  class  of 
— valued  SDEs,  namely  the  inf inite— dimensional 
Ornstein— Uhlenbeck  equations,  have  been  subject  to  study 
by  several  authors  (( 23] , [14] , [8]  and  [29]),  and  therefore 
we  shall  commence  by  presenting  a  treatment  of  some  of  the 
properties  of  the  general  Ornstein— Uhlenbeck  process  on 
(chapter  II). 

For  the  convenience  of  the  reader  we  include  an  Appendix 
presenting  a  definition  and  some  basic  properties  of 
countably  Hilbert  nuclear  spaces. 


CHAPTER  II 


PROPERTIES  OF  THE  <5 '  —  VALUED  ORNSTEIN— UHLENBECK  PROCESS 


In  this  chapter  we  shall  investigate  some  of  the 
properties  of  the  Ornstein— Uhlenbeck  process  on  the  dual 
of  a  countably  Hilbert  nuclear  space  (see  Appendix  for 
definition).  Our  interest  in  this  particular  process  is 
aroused  mainly  by  a  paper  by  Miyahara  [231  and  by  its 
recent  applications  in  neurophysiology  [14],  [29]. 

However,  the  literature  so  far  has  dealt  only  with 
particular  examples  of  these  Ornstein— Uhlenbeck 
processes,  and  therefore  a  treatment  of  the  general  case 
seems  appropriate.  We  shall  discuss  the  issues  of 
stationarity,  absolute  continuity  of  the  transition 
measure  wrt.  to  the  invariant  measure;  and  flicker  noise. 


However,  first  we  must  introduce  some  terminology: 


Let  H  be  a  real  separable  Hilbert  space  and  let  L  be  a 

densely  defined  positive  closed  self ad joint  linear 

operator  on  H  satisfying: 

-r, 

Alt  >  0  •  (I  +  L)  is  Hilbert-Schmidt  on  H. 

Throughout  the  present  chapter  f  will  denote  the  countably 
Hilbert  nuclear  space  generated  by  (I  +  L)  (see  Appendix) 
and  <£'  will  denote  the  strong  dual  of  $  while 
($r?<. , . >>r6R  denotes  the  associated  Hilbert  chain. 

Let  m  e  <£'  and  let  Q  :  (£x(ji  4  1  be  a  strictly  positive 
continuous  bilinear  nap.  By  the  Kernel  theorem  for  nuclear 
spaces  we  ha.e 

A2i.  3*2  ±  0  3*2  >  0  V  <M  6  $  : 

|m[*]®l*l  +  Q<4»4>l  <  M4>Br  W\r  • 

1  r2  r2 

valued  random  variables  and  stochastic  processes  are 
defined  in  Appendix. 

psrmmw 

A  -valued  process  W  ■  (Wfc ) t>Q  (defined  on  some 
probability  space)  is  called  a  <j>r— valued  Wiener  process 
with  parameters  m  and  Q  iff 


(i)  V  ♦  6  I  !  WfcH>]  is  a  Gaussian  process  with  mean 
tmt^l  and  covariance  Cov(W [4>],w [$])  ■  t  s  Q($,4>) 

w  S 

(ii)  t  is  continuous  with  probability  one  for 

each  ^  6 

REMARK 

If  W  is  a  <£'  —  valued  Wiener  process  then  (i)  implies  that 

W  —  W  -LL  w  —  W  for  any  t.  >  t,  >  t0  >  t,  >0; 
t4  t3  t2  tj.  4_  3-2-1- 

i.e.  a  valued  Wiener  process  has  independent 
increments. 

theorem 

Let  m  and  Q  be  as  above.  Then  there  exists  a  probability 
space  (A'P'P)  and  a  <£'  —  valued  Wiener  process  W  on 
(!1,F,P)  with  parameters  m  and  Q.  In  fact,  if  q  >  r^  +  r2 
then 

W  e  C( [Of a>) ,5  )  P-a.s.. 

q 

—The  theorem  was  proved  by  K.  It©  [12]  for  the  case  m  *  0 
and  <|  -  ^(*)f  whereas  V.  Perez-Abreu  [24]  has  proved  the 
result  for  m  •  0  and  any  $  generated  in  the  manner 
considered  here.  The  necessary  alterations  of  the  proof 
when  m  0  are  straight  forward  and  therefore  omitted. 


9 

In  the  sequel  we  take  all  random  variables  and  processes 
to  be  defined  on  (AfF,P)  which  we  assume  to  be  complete. 
Let  be  a  |r— valued  random  variable  and  let 

**  <1},W8  :  0  <  s  <  t}V{P—null  sets);  t  0 

where  w  is  a  <|'  — valued  Wiener  process  with  parameters  m 
and  Q. 

Recall  that  a  real  stochastic  process  X  is  called 
progressively  measurable  wrt.  C  ^>t>0  iff 

(i)  Xfc  is  ^—measurable  V  t  >  0 
and 

(ii)  V  t  >  0  :  ( SfU>)  -»  X  (<w) ;  s  e  [0rt]  is 

B 

S(B>/B(lO,t]x  ^.-measurable. 

The  assumptions  on  L  imply  that  L$  C.  J>  and  that  L  is 
continuous  on  $  (see  proposition  III. 1.13.).  Let  L'  denote 
the  adjoint  of  L  considered  as  a  continuous  linear 
operator  on  $. 

A  -valued  stochastic  process  <Jt)t  >  0  a 
solution  to  the  SDE  on  : 


I 


d?t  *  "l  5tdt  +  dwt?  -  n 


V  ♦  €  $  s  (|t[  +  Dt>Q  is  progressively  measurable 
wrt. 


(3)  P<£tM>]  *  +  Jo  5gC-L[^]ds  +  jy*], 

V  ♦  €  I>  -  1  V  t  >  0. 

Moreover,  J  is  the  unique  solution  iff  for  any  other 
—  valued  process  satisfying  (2)  and  (3)  we  have 

V  t  >  o)  »  l. 

A1  and  selfadjointness  of  L  on  H  imply  the  existence  of  a 
CONS  :  j  £  *>  in  H  consisting  of  eigenvectors  of  L; 

L^j  *  where  0  <  <  X2  <  •  ••  with  Vn  ->  oo  as  n 

oo,  and  where  £  $  V  j  e  ■;  see  Appendix.  Further,  —  L 
is  dissipative  selfadjoint  and  closed  on  H  and  hence  — L 
generates  a  selfadjoint  contraction  semigroup  {Tfc  :  t  >  0} 
on  H  and 

Tt^  -  exp(-\ jt V  j  e  ■. 


For  each  j  S  I  let  J3  denote  the  unique  solution  to  the 


real  valued  SDE 


vC 


11 


dft  -  -Xjfjat  ♦ 

?o  -  >l«V' 


i.e.  is  the  one-dimensional  Ornstein— Uhlenbeck  process 

(5)  ?t  “  e  3  +  jo  e  3  m[<^j Ids  + 

L  e  3  dW^,  where 

Ws  *"  Wsl^i1  ”  smt+.l. 


theorem 


Suppose  that  satisfies 


hi. i.  3*3  >  0  :  Efl  JJ|lir3  <  ®. 


Then  the  equation  (1)  has  a  unique  solution  *?t^t>0 
given  by 


5t  *  I  St+j' 


the  series  converging  uniformly  on  [0,T]  in  the 
$ .  g- topology  (P-a.s.)  for  any  T  >  0  and  any 
q  >  (r^  rjjvrj,  where 


'.•'.•".•'A1.-'.-  v  vi' •  • .  .  \  •  •  ■  .vvv «N  v‘\V*\'> «•* 


5^  is  the  solution  to  (4). 


12 


Moreover ,  J  has  the  strict  Markov  property;  i.e.  ^  is 
conditionally  independent  of  <F{5a  :  s  >  t)  given 
and  ^  satisfies 

J  e  C([0,od)/(E  q)  V  q  >  ( r ^  +  r2>  r^. 

—The  theorem  was  proved  by  G.  Kallianpur  and  R.  Wolpert 
in  [14 1.  Their  proof  for  the  case  where  H  *  L2(jt,B,V)  for 
a  c— finite  measure  space  and  where 

■  |mx](  a2$(x)$(x)p (dadx) 

for  some  6*— finite  measure  p  on  Kx^f  extends  without 
change  to  any  real  separable  Hilbert  space  H  and  any 
continuous  bilinear  operator  Q  on  <£. 

If  is  given  by  (6),  then 

f  l  (P— a.  s. )  V  j  e  U, 

i.e.  is  a  one— dimensional  Ornstein-Uhlenbeck 

process.  Therefore ,  and  because  of  the  formal  similarity 
between  (1)  and  a  one— dimensional  Ornstein-Uhlenbeck 
equation,  we  shall  call  a  1' -valued 

Ornstein-Uhlenbeck  process  with  parameters  m,Q  and  L. 


Before  proceeding  to  the  investigation  of  the  properties 
of  ,  we  need  two  more  results: 

Let  N  e  ■  and  let  PN  denote  the  orthogonal  projection 
onto  span{^j  :  j  e  (1,...,N>)  in  $  where 

q  >  (^  +  r2)\/r3.  Let  (Xt>t  >  q  s*  <PN5Vt  >  0* 

N  *x 

Then  X  is  a  (E  valued  process.  Define,  for  any 
stochastic  processes  Y  ■  ^Yt^t>0 


Y  :»  tYt>te[0,TJ?  where  T  >  0. 


Then  XN'T  €  C([0,T],$ _ )  <P-a.s.)  V  T  >  0  and  we 

— q 

have: 


V  T  >  0 


PROOF: 


XN,i  — >  JT  on  C(10,T],$_  ) 
N-»oo  q 


By  theorem  II. 1.2.,  for  each  T  >  0  we  have 


sup  ||X*'T  -  f?||  _ - ►  0  (P-a.s.), 


o<t<T 


N->qo 


NT  T 

i.e.  X  '  converges  P-a.s.  to  ^  in  the  topology  of 

C([0,TJ,5  ).  Hence 


:v 


.y  Ji  »Jtr  i 


for  any  bounded  continuous  f  :  C( [ 0fT] ,$ )  ->  R,  by  the 


DCT. 


Recall  from  Appendix  that  if  3  1  then 


<M>r  -  )  <^Vc>  <^#^i>o  a  *  vi)2r  V  r  e  m. 


Note  also  that*  by  construction  of  (I  +  L)r  is  defined 
on  §  for  any  r  6  R.  By  self ad jointness  of  (I  +•  L)  on 
<![_  *  H  we  have  for  any  e  1  and  any  r»p  €  R  : 


<  (I  +  L)r“p$,(I  +  L)r“P  f> 


<  <1  +  L)r~P  Mj>0  <  (I  +  I*>r~P  ^ ^ j>o  (I  +  ^j)2P  " 

j-1 


)  <*r<I  +  Ur"P  4>j>0  <*,  (I  +  L)r"P  4>j>0  (1  +  \j)2p 

j=i 


w 

Y_  ^'Vo  <*'^>0  (1  +  ty"  * 

j-1 


laaffiBB 


For  any  r,p  6  R  there  is  a  unique  extension  Fp  of 


(I  +  L) r"*p  to  an  isometric  isomorphism  $r  ->  5  . 


*..  ■  \\v  /  v*  v 


*.  %  v,  *.  *.  \  ;  «*.  \  N  •  v  \  ,% 

/; • . v /  Vo.y.y.  /;vy.y.\c\ \ry*W 


WW*| 


/y 


•V  % 
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PROOF: 


Let  x  e  $r  and  choose  {tn  :  n  e  M>  <r  $  such  that 

#*  “  tnl!r  “>  0. 


Then  ^n)n6a  is  a  Cauchy  sequence  in  Now 


Bib  -  4  r3  ■  <t  —  f  ft  —  t  > 

"vn  Mn"r  ¥n  *m'Tn  r 


(I  +  L.^-PC^  -  *nJ,  Cl  ♦  L)r-P<*B  -  fn>  >  , 


so  (d  +  L>r  p  tnJneH  *8  Ca“chy  $D» 


Let  X  denote  its  limit  in  <|p.  We  claim  that  X  does  not 


depend  on  thi  approximating  sequence  {tn>n6H*  Indeed,  let 
be  another  sequence  in  $r  such  that 


Hx  ~ynlr - >  0.  Let  y  denote  the  limit  of 


(I  +  L  )r  p^n  in  $  .  Then 


I*  -  y|p  <  I*  -  ci  +  t>r-p»nJp  + 


|cx  +  L)r-P<*n  -  ^n)i  +  |y  -  (I  +  L)r  p^n[ 


Now,  n*  -  (I  ♦  L)r_p  *nl  ana  |y  -  (I  +  L>r_P^nll 


both  tend  to  zero  as  n  4  oo  by  definition  and 


— 


yyy 


since  -4  x  and  4  x  in  as  n  ->  oo. 

Hence  || 5E  —  yjjp  *  0,  showing  that  *  is  independent  of  the 
approximating  sequence  l>n  4  x  in  $r.  Therefore,  the 
prescription 

§  a  x  -4  Fpx  : *  *  *  lim  (I  +  L)r  p  $  in  $ 
r  r  n-4oo  p 

defines  a  (linear)  map  pP  *  $r  "4  j£p.  Moreover, 

||,i*L>r-**»|p-  Mipl  “^o 

but 

I  <1  +  L)r"P  fnllp  »  WJr  — ' +  llxllr 

80  llxllr  ■  fl*llp  an<a  hence  Fp  is  isometric. 

Since  Fp  is  obviously  an  extension  of  (I  +  L)r  p,  it  only 
remains  to  show  that  Fp  is  surjective: 

Let  y  e  J  .  Then  x  -  F*y  e  $  and  if  y - 4  y  in  $  , 

P  p  n-4oo  p 

where  y  e  J,  we  have  x  ■  lim  (I  +  L)p“r  y  in  J  . 
n  n-4ao 

Further,  with  x„  :■  (I  4  L)p-r  y  ,  we  have 
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r,-l 


(I  +  L)  xn  *  yn*  Hence  y  -  Fpc,  and  F£  -  <F‘) 


F--w,w  c*3  ?  m  a  *  *  mi  j  i  •mvKi*)  m  4  mmt  **  *  *v 


In  this  section  we  shall  show  the  existence  of  a  unique 
Gaussian  invariant  measure  for  equation  (1)  and 
investigate  the  absolute  continuity  of  the  transition 
measure  of  the  Markov  process  wrt.  the  invariant  measure. 


For  convenience  we  shall  assume  that  >  0.  Since 
Xj_  <  X2  —  •••  thia  implies  that  Xj  >  0  V  j. 

We  begin  by  showing  that  the  series 

CP  OP 

)  I  «*J ♦  V"1  Q(«yV  <♦<♦,>„  <*-Vo 

3-1  k-1 

is  absolutely  convergent  for  any  6  J>: 

Let  q  >  +  ^2 


00 

)_  l<Xj  +  Xj,)’1  <Mj>0  <Mk>o 

j#k«l 


<  Y_  (2\1r1\<+,*i>o  <Mk>0  Q<^j^ic)  • 


j#k-l 


by  A2 


v  V  %•  .•  V  V  V?rf*  V  ,1^/  V  v  V**"  -•«*  -*  .* 


“  *  -‘i  •  %  •  »•*.  •*«  ,  *\  '*» ‘V"  •  v*  -v* 


OP 

<  \  <2V1)_lK*.+j>0  <*-Vol  «2"*jlr  l+k»r, 

j,X-l  2  2 

oo  r  r 

-  ]jT  (2\1)“1|«}>^j>0  <Mk>0l  e2d  +  Xj)  2<i  +  Xk>  2 
j,*«i 


)_  e2(2X1)’‘1l<+^j>0d  +  Xj)11  ll<fr<l>k>0(i  +  \k)' 

j»k*l 


r?-q  r,-q 

a  +  Xj)  (1  +  Xk) 


(by  Cauchy— Schwartz  and  choice  of  q) 

QP  — 2r 

<  e2(2X1)"1(|4»ll2llfll2)1/2  ^  <1  +  Xj)  1 

j-i 


9ie2(2Xl)  1 II  il  q  II  ♦  II  q  <  <»r  since 


V  ~^ri 

0X  :*  2_  (1  +  Xj)  <ao  by  Al. 

J=i 


hence 


CD  CD 


1 7  <Vj +  v 1  <+'*j>0  <»'+k>0  °<vvi 


<  «1e2(2\1)"1M.||<JHBq  V  «  I 

and.  since  $  is  dense  in  ^  a  continuous  bilinear  map  B  may 
be  defined  on  ^  by 


“  ■  "  *  "  »  *  *>  •  •  •  »  ~  *  t  r.'.'.rfc't  "*»«_•_ 


■»’  •/  v"  %*  */  ■*.*  * 

*  "  *  .  •  _«»  _n  _ft  _*>  "•  . «  • 


’  *»lNA-S*.N 


WCK5<5<K5<S 


B(<M>  : 


)  )  cx3  ♦  xk)”A  <^^j>0  <Mk>0  Q<4»j»+k>? 

J=1  Jc=i 

e  Jq. 

Define  a  continuous  linear  map  S  :  $  -»  $  by  requiring 

<  Su,v>_q  *  B(F^qU#p2.gV) ,  V  u,v  6  $_q. 

Then  S  is  positive,  selfadjoint  and  nuclear  with 

OP  CD 

Tr(S)  *  ^  Y_  (Xj  +  Xk>-1Q<^j»4k>  <1  +  Xj)~qd  +  Xk)”q. 

j-1  jfcl 

Define  a  continuous  linear  map  A  :  $  “>  I  by 
CD 

A*  "  Z  Vjl<*'*j>o  *j- 
j-1 

Then,  for  any  r  >  0, 

iA+nr  <  xr1>+ir 

and  hence  A  extends  to  a  continuous  linear  map:  Ir  +  $r 
for  every  r  >  0. 

Now,  the  mapping 

^  y  “>  «CAFiqyl 

defines  a  continuous  linear  functional  on  <$  and 


therefore  there  is  n  e  f  such  that 

q 


mtAFlqyl  -  <m*y>_q  V  y  e  $_q. 


Define, 


for  4>  6  $g/ 


Cq(4>)  =  exp{im[  A4>]  -  1/2B{<|>,$)  > . 

Since  (by  theorem  II.  1.4)  any  4>  6  Ujg  has  the  form 
=  F^v  for  a  unique  y  6  <|>  we  have 

Cq(y)  =  exp(im[AFiqy]  -  l/2B(Fiqy,F^qy) ) 

=  exp(i<m,y>_q  -  l/2<Sy,y>_q) ; 


i.e.  Cq(y)  is  the  characteristic  functional  of  the 

Gaussian  measure  on  3>  „  with  mean  functional  in  and 

q 

covariance  operator  S.  We  shall  denote  this  measure  by 
V  =  N_q  (in,  S ) . 


-In  the  sequel,  whenever  we  talk  about  initial  conditions 
for  SDE's  on  <}>'  we  shall  tacitly  assume  that  they  satisfy 
A3. 


A  Borel  measure  p  on  is  called  an  invariant  measure  for 
the  SDE  on 


(7) 


d$t  -  -  L'jfcdt  +  dWt 

5o  - 


iff,  whenever  has  distribution  p  and  l^iL{Wg  :  s  £  0>, 

P<  €  A)  -  ji(A)  V  A  6  fl(l')  V  t  >  0. 

-Note  that  since  <£'  is  the  strict  inductive  limit  of  $  r? 
r  >  0,  B($')  relativized  to  is  equal  to  B($  r). 

Therefore,  any  Borel  measure  p  on  J__r  can  be  extended  to 
a  Borel  measure  on  by  identifying  p  with  p*  defined  by 


p* (A)  *  p(A/l$  r ) ;  A  6 

Henceforth  we  shall  regard  measures  on  r  as  extended  in 
this  way. 


TqE9KfiM  UuULt 

Let  q  *  r^  +  r2«  Then  ')  ■  N_q(m,S)  is  an  invariant 
measure  for  equation  (7).  Moreover,  if  p  is  any  other 
invariant  measure  then 

p  (A)  *  V  ( A)  V  A  e  B<<|' ) . 


PROOF: 
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Let  JJ  be  independent  of  {Wg  :  s  ^  0 }  and  have 
distribution  N_g(m,S). 

Then  E(J]^|J_g  <  od,  so  (7)  has  a  unique  solution  by 
theorem  II. 1.2  given  by 

oo 

St  - 

j-i 

Let  N  6  ■.  The  RN— valued  process  *  (J3, . . . ,5^) ' 
satisfies 

dY^  *  LNYtdt  +  dZt 

(8) 

Yo  *  C  ^ 1  +3. 3 '  -  *  * '  I? 1 +N 1  > ' 

where 

(LN>ij  »  X j ?  i,j  «  1 , . . . ,  N  and 
zt  *  <wtl41 wt[<}»N]) 
i.e.  Yfc  is  given  by 

Yt  *  stYo  +  t  s?  sdzt 

t  tO  /O  t—  3  t 

where  -  e  ^  ^ ^ ;  j,i  *  1,...,N. 

N 

Hence  Yfc  is  a  Gaussian  process,  and  a  computation  will 


.v.  '-.v 


•  ,  •  .  •  -  r  '  *  v  V  .*  .*  w.  v  .  •  .  *  V  •  *  C-  V  FJ 
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verify  that 


EY*  -  V  t  >  0  and 

Var {Y^)^  -  i,j  -  1,...,N  V  t  >  0 

Let  Fjj  j  <£_g  ->  R  denote  the  map  given  by 
Fn(x)  *  (Xjr .  •  •  #xN) '  •,  where 


x 


3-1 


with 


ao 


*j(1  +  v,: 


2q 


<  ao. 


Then 


XN  -  F”l(YNl 
Xt  FN  (Yt)f 

_N_ 

(recall  from  page  13  that  x£  »  ^ 

j-i 

N 

Fix  t  >  0.  Let  denote  the  characteristic  function  of 
Yt*  i,e* 
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_N_ 

c“(y1# ...,yN)  «  exp(i\  y^IA^jJ 

D-l 


yjykB(M*}) 

00 

Let  4>  6  ^  (converging  in  $q>* 

j*l 


Then  the  characteristic  functional  of  Xfc  (evaluated  at  4>) 
is 


Kt(^)  *  Ct(<^,^1>Q, ...» <$#$N>0> 

JL 

*  exp(i^  «►#<!> j>omlA4»j] 
j=l 

1  f 

"  :  /  <4»/4>j>0<4»/<t>k>0B(4>j^k)) 

2k; ]*1 

N 

»  exp(im(A^  «!>*<frj>04>j] 

3-1 

1  N  JL 

-  -B(  Y_  <Mj>0*j»  )_  ^-VoV’ 

j-1  k-1 

_N_ 

HOW,  /  <$,$•>$. - >  ♦  in  $r,  and 

hr,  J  °  J  n->qo  * 


,rv-«. 


since  B  and  m  A  ere  continuous  on  (g^  we  get 


lim  k"<$>  »  K.  <$>  -  exp(in»[ A4>] - B<$,$>> 

N->00  2 


i.e.  is  the  characteristic  functional  of  the  measure 
V«  N  (m,s)  (c.f.  page  20). 

'A 


Now,  lemma  II. 1.3  implies  that 


£  M=>  for  each  t  >  0. 


N-»ao 


Hence  k"  must  converge  to  the  characteristic  functional  of 


v  *■ 


Kt($)  .  EexpiiJ,.!*]) 


But  Kfc  was  just  shown  to  be  equal  to  the  characteristic 
functional  of  V. 


Hence 


P(|t  e  A)  »v(A)  V  A  e 


concluding  the  existence  part. 


Next  let  pi  be  an  invariant  measure  for  equation  (7).  Let 
have  distribution  pi  and  be  independent  of  {W8  :  s  >  0), 
By  theorem  II. 1.2  there  is  q  >  r,  +  r0  such  that  the 
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a 

b 

1 


solution  to  (7)  satisfies  e  V  t  >  0.  Let  P^ 
denote  the  orthogonal  projection  onto 

span{^  j  j  »  1,...,N)  in  Let  PN  be  as  in  the  first 

part  of  the  proof  and  let  Yfc  denote  the  unique  solution  to 
(8),  where  now  has  distribution  (i.  Then,  for  any 
B  6  S(RN),  we  have 


M  *  Pjj1*  P"1(B)  -  p(pnpn  t  6  B>  V  t  >  0 


:y"  e  b)  V  t  >  o. 


Hence 


M  °  *  Pjj1  is  an  invariant  measure  for  the  ordinary  SDE 

(8).  But  the  unique  invariant  measure  for  this  equation  is 

u 

the  Gaussian  measure  on  R  with  mean 
(mlA^J , . . .  »m[AiN]  > '  and  covariance  matrix 
(^)^j  m  i ,  j«l, . . . ,  N. 


Hence 


u  o  Pjj1  •  Fn1(B)  -  Vn(B)V  B  e  8(RN). 


But -Vjj  -V«  PN**  Pjj1  for  each  N  e  R. 


Since  N  was  arbitrary,  we  get 

p  ®  P”1®  F"1^)  -  p”1®  F”1^)  B  e  B(RN)  v  N  e  M. 


8» 


r  :  ;  /vV  /v 
’  »/•/  **  “ ' 


■  vV.’S^AWn' 


*  v  .  \  >  v 


s'c*  <=  $_q  :  3h  e  ■  3b  e  a<*N>  .•  a  -  p”1*  f“1(b>} 

■  8<<Lq>.  so  (X C A. )  »-^(A)  V  A  €  8<<|_q). 


But  m(C)  ■  u(c )  v  c  e  8($'> 

because,  by  invariance  property,  p(C)  «  P(Jt  6  C)  for  any 
t  ^  0  and  6  $_q  P— a.s.  V  t. 

Hence,  for  any  C  e  a(<j>' ) 

p(o  -  ^(cnj  - 

«cni_(ri+r2,>  -V(C) 

(note  that  q  >  rj  +  r2  and  that  CA$  e  a  (<£'),  so  that 

(c^Lq)  -V(C), 

by  the  convention  of  identifying  V  with  its  extension  to 
B  <$')>. 

\ 

We  shall  not  give  a  general  and  thorough  discussion  of 
stationary  solutions  to  -valued  SDE's.  The  following 
considerations  will  suffice  for  our  purpose: 


%  %  %  _*w 
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Por  an  ordinary  Ornstein— Uhlenbeck  SDE,  starting  at  an 
initial  condition  whose  distribution  is  equal  to  the 
invariant  measure  Cor  that  equation,  produces  a  stationary 
solution  in  the  sense  of  K.  ltd,  [131.  This  stationary 
solution  is  defined  for  all  t  e  R  and  is  a  wide  sense 
stationary  process  Xfc  which  has  distribution  equal  to  the 
invariant  measure  for  every  t  e  R. 


I. 


We  shall  now  see  that  also  the  —valued  Ornstein- 
Uhlenbeck  process  can  be  extended  to  a  —valued  process 
defined  for  all  t  e  R,  which  is  wide  sense  stationary 
and  whose  distribution  is  equal  to  the  invariant  measure 
(for  all  t  e  R). 


For  each  N  €  ■  let  j»l  denote  the  stationary 

solution  to  the  SDE 


aYt  * 


,N; 


-  LNY£dt  ♦  dzt?  t  e  R;  i*e< 


ii- a 


CO 


-\.<t-s) 

e  3  dWgt^jl t  j  ■  1, . . . ,N 


notice  that  if  t  >  0  then 


H  *  «"Xj^  *  h  e'^<t_8’aws[+j) 


where 


\*s 


?o  ■/- CD  e  3  dV*j>  and 


isk 


,-fl 


the  joint  distribution  of  is 

N  (  (ml^  ]  t  •  •  •  rS[^l  )  r  (B  (  i  )  )  • 


Let  I } 


oo 

y  fo*j-  Then 


E}_  'il>2 

j-i 


'i"-q 


OO 

\ 

k 


<B<fjr$j>  +  (mlA^j  1 ) Z)  (1  +  Xj)  2q  < 


CD 

Y  <\i  ^A^1)  CQ($j,$j)  +  (mt4j])2)(l  +  Xj ) 

5*1 

(by  A2 ) 


CD 

)  (Xi2KXi1)e2Hjl2  (i  +  Xj)'2*  - 
j-i  2 

CD 

-2  -1  “2ri 

(X2  KXj  )  e2(1  +  Xj j  <  CO,  by  A1 
j-1 

and  so 


)  <$o,2fl*fl-q  <  00  P-a.s. 


Hence  e  $  (P-a.s.)  and  B 1 Q ^  <  oo. 

It  now  follows  from  theorem  II. 1.2  that 

co 


fc  - 

valued  SDE 


(t  >  0)  is  the  unique  solution  to  the 


dJt  “  *  L'Jtdt  +  dwt 

;  t  >  0 

?o-  n 


Moreover,  the  characteristic  functional  of  is 


_N_ 

C(<|>)  *  lim  expf  i)  [  A$.s 

N-»oo  L  J  J 

1  — 

-  -)  <+^j>0<+,VoB<+j'+k,J 
j-i 

1 

■  exp(im[A^4l  “  —B ( 4> r 4* )  > 

J  2 


oo 

where  ^  3  4  -  <*^j>o*j 

j-1 


i.e.  has  distribution  “V  -  N_q(m,S). 


Since  l}!^)  -  il  -  Jlm  e  i  dW^l  V  j 
is  obviously  independent  of  {Wg  :  s  >  0} 
Now,  let  t  e  R.  Then 

j-1 

)_  E(r?t,2|*jl-q  - 
j“l 


CD 

“ 

L. 

j*i 


(e 


-2\jt 


2\jS 

e  3  Q^tyds 


+ 


""  \  «  ( t  ™*  S  )  n  On 

e  3  ds  m[^l)4)(l  +  X j )  q 


ao 


k  i  3  2h  h  3  3 


—  2c 


00 


<  )  <i  +  V-2q 

pi  2 


-2r, 


ao 

Y_  arvxr2,e2d  +  Xj)  "*i  <  oo. 


j-i 


Hence  there  is  a  A.  e  F  with  P(A.  )  •  1 


)  <fi<«'>>2ii*1nia  <  ®  v*eAt. 

j-i 

Define 

ao 

if  we  At 

*<■»>  -  1-1 

0  if  lo  ft  Afc. 

Then  is  a  $  ^—valued  process  and 

^  (P— a.  s. )  V  t  >  0; 

where  is  the  unique  solution  to 

d£t  »  -  L'^dt  ♦  «t 

Jo  *  n> 

with  1}  ~  N_q(i,S)  and  T)M-Wa  *  s  >  0>. 

DEFINITION 

A  valued  process  X  »  *xt*tGR  *s  ca^^e<^  <wide  sense) 
stationary  iff 


i) 


V  $  6  $  :  EXt[$]  does  not  depend  on  t. 


ii)  V  6  1  *  Cov(Xfc£$] ,Xg[^l )  is  a  function  of  only 
<t-s,<M>,  t>s  e  R. 


1-  is  a  wide  sense  stationary  process.  Moreover , 

for  each  t  6  R  the  distribution  of  is  equal  to  the 
invariant  measure  for  equation  (7). 

PROOF: 

Let  6  |.  Then, 
oo 

E/tH»  =  y  <^<m.,>0 


oo 

j-1 

m[A4>l 


Next, 


Cov( ftI$l , ^gP>] 


oo  ao 

\  \ 


UJ  w 
\  \ 


2_  /_  <*^j>o<*^Jc>o  e  3 
j«l  k«l 


-X4(t— t  s)  —  \v (s— t  s) 
e  * 


B<4>jr4>k> 


CD  CD 

Z_  z_  <*'*j>o<*fVoB(*j^k)hj)c(t"s) 

D-l  k-1 


-X-iM 


if  u  >  0 


where  hjk(u)  :  = 


if  u  <  0. 


Since  the  series 


CD  CD 


/  /  4>  j>0<<|>r  <t>Jc>0B<  4>  j 

j=l  k<L 


was  shown  earlier  to  be  absolutely  convergent,  this 
concludes  the  proof  of  the  wide  sense  stationarity  of 


I 


By  construction,  for  each  t  6  E  the  joint  distribution  of 
(^t'***2t>  is  Gaussian  with  mean  (ra[ 1  •  ♦  •  •  A4>N1 >  and 

covariance  matrix  »  Bt^  ,<}>..) .  Moreover,  by 

definition  of  we  have 


lim 

N-»oo 


j-1 


(in  $  „)  P— a.s. 
3-— q 


Hence  the  characteristic  functional  for  \  is  the  limit  as 
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N->oo  of  the  characteristic  functional  CN  of 
N 

cn<4>)  -  exp£i^_  - 

3*1 


l/2  /  <^»^j>0<^»^k>oB<^j'^Jc) 

j=l 


_N_ 

\ 

3*1 


But 


Hence 

Gexp(i  .  [$])  *  lim  CM($) 
c  N->oo 

*  exp(imtA<|>]  —  l/2B(^,<j>) ) . 

Hence  P(^t  €  ,.)  »  V(A)  V  A  6  <$  where  V  =  N_g(m,S)  is 
the  invariant  measure  for  equation  (7). 

} 


11.2.2.  PROPOSITION 

When  L  satisfies  A1  and  {Tfc  :  t  >  0>  denotes  the 
selfadjoint  contraction  semigroup  on  H  generated  by  L  then 

(9)  Tt<j>r  c$r  V  r  >  0  V  t  >  0 

(10)  Ttlj  *8  nuc^-ear  Vr>0  V  t  >  0. 


r^TV’VJ'-1  ■  ^ 


ft 


ressmm 


JN  iT.rVt'%. 


■R  JJWLf1-1  W^.'TAi;  .  -.'.A 


i 

I 

t; 
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PROOF* 


Fix  r  >  0.  Let  4>  e  Ir.  Since  $r  (^  «  H  we  have,  for  any 
t  >  0 


_x.t 

Tt^  *  )_  e  1  <^>'4»j>0  f)'  so 
j-1 

IIVHr  “  e  3  (1  +  V 

j-1 


2r 


<  m*. 


and  since  $  is  dense  in  <$r  this  proves  (9)  and  also  shows 
that  Tt|j|  is  U  .  || r— continuous.  Hence  we  only  need  to  show 
that  Tfc  has  finite  trace  for  each  t  >  0: 


By  Al, 


CD 


\  ^^l 

L.  11  +  V 

j«l 


2r,  -\.t 

For  t  >  0  fixed,  (1  +  \j)  e  J  0  as  j  co. 


CD 


Hence 


\  ^‘jt 

L.  6  <  00 ' 

j-1 


~Xjt 

Since  (e  J  -  — ■* 


l^j  1  r 


)  is  the  eigensystem  for  Tt|^  r 


<  CD. 


Trace (T.  hr  ) 


t  ir>  -  L  * 
c  i-i 


Next,  we  shall  give  necessary  and  sufficient  conditions 
that  the  transition  measure  of  the  Markov  process 
5*  (ft)t>0  ^  ®^uivalent  to  the  invariant  measure 
■0=  N_q(m,S). 

Let  P(t|J})  denote  the  transition  measure  of  the  Markov 
process  For  any  ]}  in  <$_q  P(tjl^)  is  a  Gaussian  measure 

on  $  -• 
x-q 


theorem 


Suppose  that  '  x  >  0.  Let  1}  be  a  -valued  random 
variable  sucn  that  €  Range  (S). 

Then,  for  any  t  >  0,  P(t|I})  and  V  are  equivalent  on  <£_{ 


(11)  me  Range (S’)  and 


(12)  T' (Range (S*) )  Range (S*) 


By  proposition  II.  2. 3.#  Tt$r  ^  $r  V  r  >  0  and  we  saw 
that  Tt|jg  is  | .  |  r-continuous.  Hence  Tfc$  <z  $  and  Tfc  is 
continuous  on  J.  T£  denotes  the  adjoint  of  Tfc  considered 


•  »•  •  •  •  *,  *..  *■  %  *.  **  “*  v%  .%  .*»  ,%  *»  **  .'«  .%  n’V  V*  .’’  /‘V' 'A  ,* 
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as  a  continuous  linear  operator  on  J.  It  follows  from 
proposition  II.  2.2.  that  ^  <[_r  V  r  >  0  and  that 

is  nuclear  V  r  >  0. 

PROOF  OF  THEOREM  II. 2. 4. : 

Let  t  >  0.  It  is  easily  checked  that  P(tjJ^)  is  a  Gaussian 
measure  on  with  mean  functional  T£(]^  —  in)  +  m  and 
covariance  operator  *Tt  «  S  -  T£ST£.  Hence  P(t|IJ)  and 
are  either  equivalent  or  orthogonal.  By  the  Feldman— Ha jek 
theorem  (see  H.H.  Kuo  [11]  theorem  3.4  page  125)  they  are 
equivalent  iff 

(13)  T^(]^  —  m)  e  Range (S1^2) 

(14)  *  S1/2(I  -  Bt)S1/2;  where 

<15)  Bt  s  Ran9e(S^2)  is  continuous  and  I  —  Bfc 

is  positive  definite 

(16)  Bt  is  Hilbert-Schmidt. 

Sufficiency  of  (11)  and  (12) : 

Since  ]}  e  R(S)  and  R(S1/2)  =>R(S),  (11)  and  (12)  imply 
(13). 

Now,  €t  -  8  -  T£ST£  and  since 


Further,  since 


♦i 

{ - 1 — ; 

l+jl-q 


Jen 


is  a  CONS  in  $j_q,  span{S*^2$j  :  j  €  ■}  is  dense  in 
1/2 

R(S  '  ).  Hence  there  is  a  complete  orthonormal  system 
{bj  :  j  e  l>  c  span {S1^2^^  :  j  e  ■  }  for  R(S1/2)  such  that 


Etbj 


V  j  6  N. 


But  then  sup  ||E..x||  <  1,  where 

x€U  “q 


U  -  {x  e  R(S1/2)  :  ||x|_q  <  1>  and  hence 


j  Rts1^2)  $_q  is  a  contraction,  in  particular 

* 

continuous.  Since  *  Et®t  an<*  1  ”  Bt  ^as  a^-rea^y  been 
shown  to  be  non-negative  definite  it  follows  that  I  -  Bfc 
is  positive  definite. 


By  (17)  Efc  has  finite  trace  and  thus  Efc  is  nuclear.  Hence 

* 

Bt  *  EtEt  *s  nuclear'  *n  particular  Hilbert— Schmidt ,  and 

continuous  :  R(S^)  Hence  (15)  and  (16)  hold  and 

4 

(14)  is  immediate  from  the  definition  of  Bfc.  Thus  (11)  and 
(12)  are  sufficient  for  equivalence  of  P(t|]^)  and 


Ql  LLU  .and  LIZ)  i 
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If  P(t|J^)  and  n>  are  equivalent  then  (13)  through  (16) 
hold.  (14)  gives 


S  -  T'ST'  -  S1/2(I  -  Bt)SJ,/ * t  i.e. 


(18)  T£ST£  -  S1^2BfcS1/^2. 


Since  T^S^2  and  S*^2  are  positive  definite#  Bfc  is 
positive  definite.  Hence  we  may  write  Bfc  *  D*Dfc  for  some 
positive  definite  j  R(S^2)  -»  <$_q.  But  then  (since  T 

is  easily  seen  to  be  self ad joint  on  ^  and  hence  is 
self adjoint  on  $  )  (18)  gives: 

(T'S1/2) (T£S1/2)*  *  (S1/2D*)I(S1/2D*)* 

and  consequently 


R(T'S1/2)  »  R(S1/2D*) 


(see  e.g.  C.R.  Baker  [1]#  Corollary  1#  page  RR2)  which 
implies  that  T'R(S1/2)  C  R(S1/2)#  i.e.  (12)  holds.  But 
since  e  R(S)  and  R(S)  <=R(S^)#  (11)  now  follows  from 
(14)  and  (15). 


In  the  general  case  the  formula  for  the  Radon— Nikodym 
derivative  of  P(t|f})  wrt.  V  is  impractical#  but  when 
Q(tj#4]g)  “  0  whenever  j  /  k  the  coordinate  processes 


‘  .*  V  •• 


v  /.A ^ _\ vav’av; aav.v/* 


w 


]  are  independent  and  S  and  T£  have  the  same 
eigenvectors.  In  this  case  a  very  handy  expression  for  the 
Radon-Nikodym  derivative  is  available.  In  addition  the 
case  *  0  when  j  ^  k  is  of  interest  in  the  context 

of  [23]  and  [29]. 


II. 2. 5.  COROLLARY 


Suppose  that  \1  >  0,  *  0  if  j  f  k  and  that 

m  «  0.  If  Tfc  satisfies  (12)  and  ]^  6  R(S)  $  then 


dP(t|  ]}> 


dV 


<y> 


00 

TTu- 

j-1 


-2\.t  _ 


jw}-l/2 


exp 


[- 


2X^T2a  - 


— 2\jt 

e  J  )  A(e 


-2\.t  2 

3  <i?i 


y])  - 


where 


Sj  -  Q(<|.jr<J>3)  and 


>? 

n 


and  y  e  R(S)  are  given  by 


CD  oo 

*  I  fy+j  and  y  ■  y j4>j  r 
j-1  j-1 


both  converging  in  $ 


—The  proof  is  a  straight  forward  application  of  theorem 
3.3  in  Kuo  [18],  theorem  16.2  page  83  in  Skorohod  [25]  and 


the  formula 


i 

j  dP(t|I})  dP(t|]})  dP(t|0) 

dV  dP(t|0)  d-d 


We  shall  conclude  this  section  by  stating  a  simple 
sufficient  condition  for  equivalence  for  the  case 

q<w  -  4ik6i! 


H.Z.fi.  PROPOSITION 


Suppose  that  >  0  and  let  6  R(S).  If  Q  has  the  form 

for  sorae  <  ®2(1  + 
then  (11)  and  (12)  are  satisfied  if 

(a>  3r4  >  o  3N0  e  ■  3c  >  o  : 

]  >  C(1  +  \.)  ^  V  j  >  no 

and 

ao 

(b>  Y  Xj1  j2(ral^j1)2  <  ®* 

j-1 

REMARK 


In  (23]  Miyahara  considers  the  following  set— up: 


Let  H  ■  L  (tO»7T])  and  let  w  ■  /“A*  A  the  Laplace 

operator  with  Neumann  boundary  conditions  at  0  and  rr . 


Then  the  eigensystem  of  w  is  ((4>j*j)  '  j  =  0,1,2, 


>  where 


IT  1/2  if  j  -  0 


2 

V.  — r  Cosjx  if  j  >  1. 


Let  H  »  {h  €  H  :  <h,^c>H  =  0}.  Then  w  is  strictly  positive 
on  H  and  Miyahara  considers  the  countably  Hilbert  nuclear 
space 


:  ||w^4>||h  <oo  V  e  r>. 


From  a  cylindrical  Brownian  motion  on  H  Miyahara  then 
constructs  a  <j>'— valued  Wiener  process  with  parameters 
m  »  0  and  Q(4>,$)  *  6  J,  and  proceeds  to  study 

the  SDG  on  ($' : 


dXfc  *  -  wXfcdt  +  dBfc. 

He  shows  that  there  is  a  unique  invariant  measure  for  this 
equation,  and,  given  any  initial  condition  the 

transition  probability  measure  of  Xfc  given  is  always 
equivalent  to  the  invariant  measure.  Since  m  *  0  and 
Q(^,$)  *  <I$,$>H  in  Miyahara’s  case,  (a)  and  (b)  of 
proposition  II. 2.6.  are  satisfied  and  thus  explain  why  no 
extra  assumptions  are  needed  to  ensure  the  equivalence  in 


Miyahara's  case.  Moreover,  Xj  *  j  and  j  >  1  (after 
defining  j$)  and  so  Miyahara's  results  may  be  derived  from 
ours. 


II. 3.  FLICKER  NOISE 


We  shall  now  investigate  the  asymptotic  behaviour  of  the 

*  * 

spectral  density  of  the  process  where  ]^t  is  the 

stationary  <£'—  valued  Ornstein— Uhlenbeck  process 

dIU  -  -L'^  +  dMt»  >)o 

We  recall  that  if  X  is  a  real— valued  wide— sense 
stationary  process  with  covariance  function 
7(h)  *  Covar  *xt»xt+h*  fc^en  the  spectral  density  p  of  X 
is  simply  the  Fourier  transform  of  V  : 

p(v)  *  (2  7 r)~1/2  Fthje^dh. 

Following  J.B.  Walsh  [29]  we  shall  say  that  X  is  a  flicker 
noise  iff 

.  2 

lim  V  p(N)  *  00 

. 

and  for  e  (0,2)  we  shall  say  that  X  is  an  f  —noise, 
iff  for  some  c  6  (0,a>), 

lim  v^pW)  =*  c. 

-y->ao  * 

II. 3.1.  THEOREM 

Suppose  that  \^>0.  Let  $  e  $.  Let  p  denote  the  spectral 


density  of  Then 


lim  -V^p(v)  * 
-y-»oo  ' 


0  if  (0,2) 

(2  )"1/2Q(<j>,<|>>  if  2. 


So  ^.[9]  is  neither  a  flicker  nor  an  f  —noise. 


PROOF; 

*  | - X^t  — X ,  t 

»  2_  If  ^o^j1  +  ®l4>jlX  j  (1-e  j  ) 
j-1 

-XH(t-s)  . 

♦  Jo  e  3  dWgH>jlJ  «Mj>H  where 
*  N(  X  , B ( 4» j ^ 4*-j  >  >  and  hence 

Covar(]^*[<j>],  l^*+hl<j>]>  = 


00  00 


Y  Y  <<**'+j>H  <*'Vh  b< w 

j*l  k-1 


r  e"""^  j*1*  h>0 


rxklhl; 


h<0 


The  series 
00  ao 

)  T.  <*'*k>H  B<+j'V 

J-l  k-1 


is  absolutely  convergent  for  any  ^  e  J  and  therefore 
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p(V)  -  ( 2TT )  1/2Covar (]}*[ 4> ],!}£[$] )elh-NJ  dh 


00  00 


V-  Y-  — X  .h+  iVh 

2_  i_  <4>'4>j>H  <*»Vh  b(VV(  fo  e  dh  + 

j*l  k-1 


(° 

J-oo 


“Xk  |h|  +  ivh  _1/2 

e  K  dh ) .  ( 2  77" )  i/  ^ 


oo  ao 

\  \ 


2_  2_  <^'Vh  B<4>.,<f>kH2/r> 

3=1  k=l 


“1/2 


-1  1 

( -  +  - ) 

—  Xj+iv  Xk+i^ 


(19) 


oo  oo 

)  <Mj>H  «Mk>H  B(4>j»4>k)  (2  7T  )-1/2 

J=1  k^l 


\.-i  X^+i 


^ 2 


,  2^  ,2 

Xj+->» 


For  X  6 

(0 

f  2  ] 

9 

xk- 

,7  1  X 

i 

X 

Y1  ,  . 

‘S 

+  Xk}  ~ 1 1/2 

v  1  x2+ 

Kk 

7 

¥ 

X^Y  1  ~ 

- 

<X2Y 

)(Xk  +  v2)  -» 

r 

X21 

■2  ♦  v4  ♦ 

2X1XkV2  ♦ 

(Xi  “  Xk> 2  1 1/2 

L 

\]\2k  * 

V4  ♦ 

<Xi  + 

X2)v2  J 

o  if  y  e  (0,2) 


(20) 


-V  -»ao 


X.  +  Xk  if^-2. 


(Xj+'tf -XXJ+V) 


(X^+Xu) 


A  short  evaluation  will  show  that  for  all  k,j  and 


XjXk  +  +  2XiXkv2  +  (X  “  Xk>2 


XjXk  +  ^>4  +  <X2  +  X£>  v  2 
1  +  2X^2  -s  C 


Noting  that  >  0  and  that  0  <  X^  <  X2  <•  •  •  we  9et  for 
tx'e  ( 0,2 ) 


sup 

ve  r 


( Xj+Xk> 


*  (X.+^HX^v2)  } 


r<-l)(X2+X2)  +  ((^-l)(X?+X?)2  +  4^(2-^)X?X?)1/2l^2. 


(2  -J7  r _ (w _ -11/2 

L(X^yjk>,^+yjkJ 

<  xi2(\j+xk>  [X3t-Kl*  l(.n>nx|2|1/]-/2 


<  X12<X3+Klt>(Xf+X=)X/2<^-7>'y2 


<  x;2(— )^2(Vxk/+1 


2-^ 


<  x72<— ^imo^d+Xk)1^ 
2 — <  -* 


and  therefore  we  find 


V  pW)  < 


<30  <30 

\  \' 
L _  Z_ 


Xv-i  X^+i 


z_  K+'Vo  <*^>0  ^Hhx  +  T27T 

1  k=»l  ^k+^ 


f9-  r9-  Q(4>i^k) 

Z_  )_  l<+<+j>o  <Mk>0  3  *  1C 

j-1  k*l  ^j+^k 


X72( — - — )^/2(l+\.  )1+/</(l+X1r)1+^  for  /e  (0,2) 
L  2-  o<  J 


Xj+Xfc  for  <7^-  2 


< 


\  \ 


hi 


2_  l<Mj>0  <^f ^Ic>qI®2 *  <1+V 


C( — - — )^2 (l+\  . ) J,T*" (l+\.  ) AT''  for  c/e.  (0,2) 
2-*<  J  * 


,l+*\ 


,l+*f 


r®-  r^-  r»+l+<*/  r_+l+«^ 

2_  2_  l^'Vo  <+'+k>ole2(1+Kj)  (1+V 


j=l  k-1 


V. 


for  </  *  2 


2\! 


y.  qd  oo 

( c/2\-\e2i—'/2  ^  ^  l<*.*j>0|ci+Xj) 


r1+r2+l+^ 


2— <*- 


j-1  k-1 


— r. 


(1+Xj)  1|«}>»<l>k>0|(l+Xk) 

*<e  (0,2) 


-r. 


r.+r,+l+-^  ... 

(l+\j)  for 


__  CD  OO 

<*2  r  r 


r1+r2+  +1 


-r. 


—  )  )  l<^j>l(1+M)  1  2  <1+Xj)  1  l<*^)( 

2X1  j=l  k=I 


r.+r,+^+l  -r. 

\(1+Xk)  A  z  (I+X4)  for  *<'»  2 


'j 


C8, 


2XJ  2-* 


— >'  n  ®l»*»r,+r„4lw  for  “'e  <0'2> 


ce. 
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for  2. 


Combining  this  with  (20)  the  DCT  gives 


lim  -y  p(S) 
V->go  1 


b  if  o(m 2, 


where 


CP  oo 

)  ^  «t»,<|»k>  B(+j,+k)  (277)“1/2 

j=L  k=l 


,  \.-i  \.+i 

Um  - _> 

^->00  Xk+"y  Xj+ 

OO  OP 

“  Z_  Z_  <4*'^  B<4>j^k><2  7T)”1/2(Xj+Kk) 

j^i  ifci 


(2  7r)~1/2Q(4>,4>). 


—The  assumption  that  X^  >  0  serves  the  purpose  of 

* 

assuring  that  none  of  the  coordinate  processes  is 

_2 

a  white  noise.  The  theorem  implies  that  p(v)s?  *v  for 

large  v.  For  a  one— dimensional  Ornstein— Uhlenbeck  process 

2  2  —1 

the  spectral  density  is  proportional  to  (X  +  v  )  .In 
view  of  this,  the  conclusion  of  the  theorem  is  hardly 
surprising. 


Let  us  look  at  an  example  studied  by  J.B.  Walsh  [29] 


Take  H  -  $  -  L2([0,b])  and  L  -  I- 


with  Neumann 


53 


boundary  at  zero  and  b.  In  this  case  the  eigensystem  is 


<t»j  <x> 


f  b“1/2  for  j  -  0 


^  21/2b  1/2  cos  (  IT  jxb”"1 ) }  j  >  1  and 


Xj  -  1  +  *2j2b“2;  j  -  0,1,..., 
and  if,  for  a  given  s  >  0,  we  take 
Q(4>,$)  *  € 2  4>(x)^(x)dx  the  series 

co 

y  i7*[+j]+j<x> 

j-o 


converges  for  x  6  [0,b]  (P-a.s.)  to  a  limit  V(t,x) 

satisfying 


-  |o  V(t,x)<|»(x)dx  (P-a.s.) 


Walsh  then  showed  that  for  each  x  6  [0,b],  V(t,x)  is  a 
flicker  noise  and  that  the  asymptotic  behaviour  of  its 
spectral  density  is  that  of  an  f“3^2  noise  ([29],  theorem 
8.1.).  This  result  may  be  obtained  from  our  framework  as 
follows: 


when  Q(^,$)  *  C2  j ^  $(x)tf(x)dx  S'2  >  0  we  have 


and  inserting  this  in  (17)  we  get: 


spectral  density  of  ]^t[4>] 


p<v’ "  L<+'*j>° (27T)  1/2  *2^- 

Q 

Let  x  6  [0,b]  and  let  ^  (y)  be  a  smooth  approximate 
identity  centered  at  x. 


Then  V< 


t,x>  -  ljm  J}*[$e] 


(21)  lim  p(V) 


io  r 


T"  <4>,(x)  )2(irr )  1/2e2— = - T 

xj+  v 


?_L 


2.-2 


(note  that  \  — = - =-  <  ao;  since  =  1+  /7^j2b 

vz+-v^  J 

j-1  Kj 

Moreover  |<^e»+j>0|  <1  V  6  >  0). 


Inserting  the  expressions  for  and  in  (21)  above  we 
gets 


spectral  density  of  V(t,x)  *  F(v) 


2cos2(k/7xb  1 
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are  very  irregular.  Since  V(t,x)$(x)dx  we 

would  expect  the  sample  paths  o£  ]^*[^>]  to  be  much 
sax>other  than  those  o£  V(t,x).  The  fact  that  p(-v)  is  not 
a  flicker  noise,  whereas  F(-v)  is,  is  therefore  intuitively 
agreeable. 


EXISTENCE,  UNIQUENESS  AND  WEAK  CONVERGENCE  OF  SOLUTIONS 


We  have  previously  investigated  various  properties  of  the 
solution  to  a  linear  valued  SDE  of  the  form 

dl?t  *  ”L'r}tdt  +  dWt 

where  — L  was  the  generator  of  a  selfadjoint  contraction 

semigroup  {T  :  t>0)  on  a  certain  Hilbert  space  H  with  the 

“r! 

property  that  there  exists  r^>0  such  that  (I  +  L)  is 
Hilbert— Schmidt  on  H,  and  where  the  nuclear  space  $  was 
defined  by 

$  -  <4>  e  H  :  ||  (I  +  L)q4>||H  <oo  V  q  6  R>. 


W.  was  then  a  valued  Wiener  Process. 


s: 


The  existence  and  uniqueness  of  solutions  in  the  above 
context  (for  Wiener  and  Poisson  generated  noise)  is  due  to 
Kallianpur  &  Wolpert  [14].  However ,  it  is  also  important 
to  be  able  to  solve  such  linear  <|'  —  valued  SDE’s  in 
situations  where  {T^  :  t>0)  does  not  have  the  property 
that  some  power  of  its  resolvent  is  Hilbert— Schmidt  and 
the  topology  of  the  nuclear  space  is  not  so  intimately 
related  to  the  generator  —  L.  Also,  it  is  of  interest  to 
be  able  to  solve  such  equations  when  the  noise  is  a 
generel  L  —  semimartingale  on  (see  page  for 
definition) . 

In  section  1  we  shall  address  the  question  of  existence 
and  uniqueness  of  solutions  to  SDE's  of  the  form 

(1)  dj}t  -  A']}tdt  +  dMfc;  J}0  - 

defined  on  a  generel  rigged  Hilbert  space  <]>  <~+  H  c-> 

(see  Get'fand  &  Vilenkin  [6]  page  106  or  Appendix)  where 
A  s  f  |  is  continuous,  and  A  is  assumed  to  coincide  on 
$  with  the  generator  of  a  semigroup  {Tfc  :  t  >0)  defined  on 
H  and  mapping  $  into  itself,  (see  AS.l  page  (>•  for  the 
precise  assumptions  on  A  and  {Tfc  :  t>0}),  and  where  is 
a  (weak)  valued  I,  —semimartingale,  defined  on  page  St  . 

By  analogy  with  the  finite  dimensional  situation  we  might 
expect  to  be  able  to  write  the  solution  as 


■  V  W.-  '.  V.V. .-  .  .V  V.  <\ 


J(t  T  )o  ‘t-s“s 

which  requires  a  definition  and  study  of  valued 
stochastic  integrals.  Although  stochastic  calculus  has 
been  developed  recently  by  A.  S.  Ustunel  [261,  [27],  [28] 
and  Korezlioglu  &  Martias  [16]  for  the  dual  of  a  nuclear 
space,  from  a  user's  point  of  view  it  is  preferable  to  be 
able  to  solve  —  valued  SDE's  without  first  having  to 

learn  stochastic  calculus  on  <£' .  Moreover,  since  the 
equation  is  linear  we  would  suspect  it  should  be  solvable 
without  any  reference  to  stochastic  calculus.  Indeed,  by 
formally  applying  ItO's  lemma  to 

£  Tt-sdMa'  we  9et 

<2>  I}t  -  TJIJ  +  \%  +  Mt  a.s. 

as  a  candidate  for  the  solution. 

In  order  to  show  that  (2)  is  indeed  the  solution  to  (1)  we 
first  show  that  the  stochastic  integral  equation 

ft  -  n  *  £  A' U*a  *  xt  a-s- 

has  a  unique  "weakly  CADLAG"  solution  for  X  in  a  class  of 

<£'— valued  processes  which  contains  the  §>'  —  valued 
2 

L  —semimartingales  and  that  this  solution  is  given  by 


Jt-m+  o  A'T4-sXsds  +  Xt  a-s- 


(this,  of  course,  will  include  a  proof  that  the  right  hand 
side  of  (3)  actually  defines  a  (p— valued  process). 


Once  this  is  established  it  will  follow  that  (2)  is  the 
unique  weakly  CADLAG  solution  to  (1),  and  it  is  then 
proved  that  for  every  T>0  there  is  pT  6  HQ  such  that 


(17t>o<t<T  e  °«0.TJ,5 


the  Skorohod  space  of  all  <J>_  —valued  CADLAG  mappings  on 

” Pt 

[  0,T] . 


Finally,  in  section  2  we  prove  the  main  result  which, 
loosely  speaking,  asserts  that  if  the  initial  condition  Tf 
and  the  noise  M  in  (1)  converge  weakly  then  so  does  the 
solution  to  (1). 


III.l.  EXISTENCE  AND  UNIQUENESS  OF  SOLUTIONS 


Let  $  «-*>  H  <— >  <£'  be  a  real  rigged  Hilbert  space  where  H  is 
a  real  separable  Hilbert  space.  Let  ?  denote  the  nuclear 
topology  on  $  and  let  {$r  :  r  e  HQ>  denote  the  generating 
sequence  of  Hilbert  spaces  for  ($, t  )  and  let  $  :*  Jp 


with  the  strong  topology.  For  r  6  *o,  ||.|fr  <  ||  -  || _ r  > 

denotes  the  Hilbert  norm  on  $r  We  shall  denote  by 

S' the  strong  topology  of  <|'  and  we  recall  that  ($'  is 

the  (strict)  inductive  limit  of  '  U * H — r* r€M  *  ^ 

o 

will  denote  the  6"— field  generated  by  the  strongly  open 
sets  in  (£' . 

To  avoid  confusion  with  inner  products  we  shall  adopt  the 
notation  that  for  6  <|r ,  ^  e  |  J^[$]  will  denote  the 
value  of  the  functional  evaluated  at  4>. 

Throughout  the  rest  of  this  chapter  A  will  denote  a 
continuous  linear  operator:  $  ■+  $  satisfying 

AS. 1.  There  exists  a  strongly  continuous  semigroup 

{Tt  :  t>0}  on  H  whose  generator  coincides  with 
A  on  |  and  such  that: 

(a)  T t$  c  $  V  t  >  0 

(b)  Ttl<£  :  $  $  is  continuous  in  ($rD 

V  t  >  0 

(c)  t  Tfc  4>  is  r— continuous  for  every  $  6  <$. 

mjLL  ham 


For  any  t  >  s  >  0,  any  ^  e  $  and  any  F  e  we  have 


(5) 


-  Is  mt_uA*]du 


PROOF: 


Let  t  >  s  >  0,  $  6  <j>,  F  6  <$'.  AS.  1  (a),  (b)  and  (c)  imply 
that  Tt|j|  is  a  strongly  continuous  semigroup  on  ($,r).  Let 
B  denote  its  generator  (wrt.  the  r—  topology)  and  put 
5  *  Dorn (B ) . 

Then  J  is  dense  in  <£,  and  for  every  $  6  J  we  have,  since 
F  6 


FlTu-gf]  «  FITU-SB^];  u  >  s  and  hence 


"  Fl*]  “  js  F[Tu_sBlf]du 

V  ijf  6  j£,  and  similarly 

F l  tt__s^ ]  “  F[$]  -  J*  F[Tt_uBl>]ds 

Vfel 

also,  for  every  $  e  J, 

<T. -I)$ 

lim  — - -  *  B$  in  ($,r> 

H°  h 

since  H«— » is  a  rigged  Hilbert  space,  ||.||H  is 

tf-continuous  and  hence 


(T.  — I 

lim  ||  —2 - Bl>  ||H  -  0 

h|0  h  “ 
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but,  by  AS .  1  we  have  for  any  <J>  6  <| 


(T.  — 1)4» 

!im  Jj  _J2 - A<>||  =  0 

h|°  h  H 

and  since  f  c.  <£  we  must  have 

Blf  =  Alp  V  if  6  If  hence 

F[Tt_slf]  "  FI^1  *  Js  FITt-uA^ldu 

V  if  e  I 

=*  \\ 

V  if  e  I 

Now,  let  if - »  4>  in  ((J>,r),  if  6  |[.  Then 

n->ao  n 

lFlTu— s^n1  “  PITu-sA*3l  — **  0 

n->oo 

for  every  u  6  [s,t],  by  AS.l.  and  the  fact  that  F  6  . 

Further,  since  F  €  $',  F  6  <5  for  some  q  €  N  ,  and  since 

'*■  ■*  4  O 

by  AS.l.  (c)  the  mapping  : 

[s,t]  3  U  -»  l|Tu_5A4lnllg 


is  continuous  for  each  n  €  N, 

f(u)  :  -  sup  || T Alf  ||  ;  u  €  [s,tj 

nCI  u  o  "  '■a 


defines  a  lower— semicontinuous  function  f  on  [s,t]  (note 
that  the  above  supremum  is  finite  for  each  u  €  [s,t]. 


since  in  (<£,^> ) .  In  particular,  f  is  bounded  on 

[s,t],  and 


IPITU— s**n'l  i  l»l_ql*„_,»#I1lq 

<  l|F||_qf<u>  V  n  e  ■ 

and  hence  the  DCT  gives 

t  p(Tu-sA*nldu  --•*  JsPtTu-sA*lds'  but 

’  n->ao 

(s  FtTu-aA*„ldu  -  F(Tu-s»n'  -  P“U 

- >  F[T.  <M  ~  F[4>],  by  AS.  1.  (b) 

n->ao 

and  hence 

FtTfs^  -  *  }s  FtTu_gA<|)]du 

In  a  similar  way  we  obtain 

FlTt-s*1  “  Fl*]  *  |s  PITt-uA*ldu 


Since  ^  e  $  was  arbitrary,  the  proof  is  complete. 


6 

III. 1.2.  THEOREM 

For  any  1^Q  e  i$'  there  is  a  unique  <£'— valued  weakly 
differentiable  function  :  [0,oo]  -»  satisfying 

^IJ(t)l4»]  -  IJttHA*] 

V  <t>  e  $ 

(o )  1 4>i  =  i}0H>j 

PROOF: 

EXISTENCE:  Let  T'  denote  the  adjoint  of  Tfc  regarded  as  a 

bounded  linear  operator:  <£-»<£.  We  claim  that 

]^(t)  :=  T£1^q  *s  a  solution: 


In  view  of  AS.l.  (a),  (b)  and  (c),  let  B  denote  the 
generator  of  {Tfc  :  t  >0}  wrt.  the  f— topology  and  let 
$  =  Domain(B).  As  we  have  seen  previously, 

Bif  =  a$  v  ijj  e  J.  now,  for  f  e  i,  t  -»  Tj.rj0n|i]  is 
differentiable  with 

<*>  &W1  -  -  W*1- 

As  a  consequence  of  AS.l.  (c)  t  T£]^q  *s  weakly 
continuous,  so  for  any  T>0, 


sup  <  00  V  $  6 

0<t<T  *  10 


Hence  the  Banach— Steinhaus  theorem  yields  the  existence 
of  pT  6  Hq  and  a  constant  CT>0  such  that 


sup  m  |T'rj0i<MI  <  cT IM> || p  V 


0<t<T 


But  then  TJ1J0  e  V  t  6  [0,T]  and 


■Pt 


sup  ||Tf  r)0||  _  <  C  <  oo 

0<t<T  c  10  PT  1 


Now,  fix  4>  e  $,  and  let  6  1?  $n  ♦  in  (|(t)  »s  n  4  ® 
Then,  for  any  T>0, 


iV't'U  "W"  i  ■*  0  as  "  00 


0<t<T 


Hence  t  ->  J^0fTt^>3  =  T^o[^J  is  differentiable  and  (*) 
and  AS.l.  (b)  now  give 


SW1  “  <?oITtAV 


concluding  the  proof  of  existence. 


UNIQUENESS:  Suppose  that  J(t)  is  another  <£'—  valued 

weakly  differentiable  solution.  Let  y(t)  :*  I^(t)  —  Jf(t). 
Then  y(t)  is  weakly  differentiable  and  satisfies 
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3£y<tH4>l  -  y<t)iA$] 
y (0) -  0 


V  <M  $ 


l 

I 

i  For  each  t>0  let  z(s)  :*  T'  v(s);  s  6  [0,t].  Then  there 

i  t —  s 

i 

is  a  dense  set  §  §  such  that  [0,t)  s  z(s)  Ifl  is 

differentiable  for  each  $  6  J,  and 

^z(s>[iH  »o  V  f  e  I  Vse  <o,t> 

|  jproof:  Combining  AS.l.  (a),  (b)  and  (c)  we  see  that 

Tt'$  18  a  strongly  (i.e.  t  — )  continuous  semigroup  of 
linear  operators  on  Let  B  denote  its  generator  (wrt. 
j  the  r— topology)  and  take  J  *  Dorn  (B ) .  Since  ||.|H  is 

Z—  continuous  it  follows  that 

j  Alp  *  Blp  V  $  6  f.  Fix  s  €  (0/ 1) .  Then  for  any  $  6  J  we 

have 

i  z (s+h)l$]-z (s) [Ip]  i 

i  I  h  I 


y  ( s+h )  [  Tt_s_hlp  ] -y  ( s )  [ Tt-gl|l ] 


T  t-  a-  h*”Tt-  s*  y  ( s+h )  t  T  *  ]  -y  ( s )  [  T  Jr  ] 

I  y  ( s+h )  l  — ^ ^ 2 - — ~]  +  - — - — — 

I  h  h 


But  y(.)[^l  is  differentiable  for  all  ^  6  so 


£y<u>[Tt_g»i|u.s  -  y(s)CATt_a*i 

■  y<s)[Tt_sAf] 

(7)  -  y(s)[Tt_aBlM 

Further,  since  u  -»  y(u)  is  weakly  continuous,  we  have  for 
any  compact  set  K  with  s  6  interior (K) 


sup  |y  (s+h)l<|>l  |  <  oo  V  $  €  <§, 

h€K 


and  therefore  the  Banach— Steinhaus  theorem  yields  the 
existence  of  a  constant  C_,  and  r_  €  N  such  that 

K  K  O 


sup  |  y  ( s+h )  [  <p  1 1  <  C_||4>||  V  e  $ 

heK  *  rK 


But  then  for  s+h  e  Ks 


|y (s+h) 


t— s— h^  ~  Tt— 


♦  Tt-sB*]  I  i 


CJ— 


_a_h»  -  Tt_a* 


+  T 


t-s*'* "  r 


— >  0  as  h  +  0  since  f  €  {  and  |J.||r  is  r—  continuous 
V  t  6  *0*  Thus 

lim  y(s+h)[--t~-8-h - ^— ]  -  -y(s)[T.  Bf], 

h-»0  h  t-8 


and  combining  this  with  (7)  we  get 


lim 

h">0 


z(a+h)B  —  2(a)l 
h 


0  as  desired. 


Therefore  for  any  4  €  (0,t)  we  have  for  every  f  e  | 


zCtHlfr]  -  z(4)[l|n  -  ja  ^z(s)tl|l]ds 


0 ,  and  hence 


y(t)[i|n  *  z<t)[$]  -  z(A)[iff]  V  $  e  J,  V  <o,t)  so 


y(t)MH  -  y(a)[Tt-Af]  V  ♦  e  Ir  V-3  e  <o,t> 


But  A  y (4 )  is  weakly  continuous,  so  again  the 

Banach—Steinhaus  theorem  yields  the  existence  of  a 

constant  C.  and  r.  e  such  that 
t  to 


sup  |y(d)t4>J|  <  C  ||<|)||  V  Mf 
0<4<t  ^  t 


Hence  yU>  6  $  _  V  <3  e  10, t) 

rt 


Now  let  yn  j*  y<-^);  n>2.  Then,  since  y(0)  *  0,  yn  is 

weakly  convergent  to  zero  in  (£r  and  hence  strongly 

convergent  to  zero  in  <£'  (see  e.g.  Gel 'f and  &  Vilenkin  [61 

page  73),  and  y  e  $  V  n>2.  But  the  strong  topology  of 
n  -rt 

induces  the  || .  |  -  topology  on  §>  .  Hence 

-rt  rt 

y  - ►  0  in  <$  .  By  (8)  we  have 

n-*a>  t 


y(t)[f  1  -  yn[Tt_t  $1  VMI,  V  n>2  so 


<  B yn | _r  V  ♦  e  I.  V  n>2 

t  n  t 


and  letting  n  ->  oo  we  get  (since 


llTt-£  ♦Mr  aa  n  •*  00  > 

1  n  rt  c  rt 


y (t)Cf ]  -  o  V  ♦  e  i 


Since  $  is  dense  in  §»  and  y(t)  e  |p  it  follows  that 
y(t)  ■  0.  But  t>0  was  arbitrary.  Hence  y(t)  -  0  V  t>0, 
concluding  the  proof  of  uniqueness. 


Let  (A,F,P)  be  a  complete  probability  space.  In  the 
sequel  all  stochastic  processes  and  random  variables  will 
be  defined  on  (&,F,P). 


A  mapping  Y  ifi  <j>'  will  be  called  a  valued  random 
variable  iff  Y  is  8(<£')/F  measurable. 


A  mapping  Y  :  fl.  $  will  be  called  a  (f>  —valued 

tr  gr  r 

random  variable  iff  Y_  is  8(<j>  )/F  measurable;  where 

P 

B  _ p)  denotes  the  Borel  ff-field  on  $_p»  P  e  *Q. 


Let  I  <=  [0» ao).  A  mapping  X  :  IxA  ->  <J>r  (respectively 
IxA  $_p^  will  be  called  a  —  valued  (respectively 
$  p— valued)  (stochastic)  process  iff  V  t  6  I  Xfc(.)  is  a 
valued  (respectively  <5  —valued)  random  variable. 


A  —valued  process  X  ■  *xt*tei  be  called  measurable 

iff  (t,u>)  ->  X^(tu)  is  8  ((£'  )/8  (I  )xP  measurable;  where  8(1) 
is  the  Borel  s— field  on  I. 

Similarly,  a  $_p—  valued  process  X  *  <Xt)fcei  will  be 
called  measurable  iff  (t,u»)  xt(«>)  is  8  (<|_p)/8 (I )xF 

measurable. 

Let  {Xfc  s  t  >  0}  be  a  <$'—  valued  process  satisfying 

AS. 2.  i  V  t>0  3  e  F  with  P(Afc)  -  1,  3<J*t>  e  *Q  such 
that 

xg(u/)  6  v  S  e  [0,t]  V  e  At  and 

V  M  6  <0-t  :  the  mapping  [0,t]  ^  s  Xg(u/)  is 
CADLAG  wrt.  IM_q(t) 

Then,  for  every  t>0  Xfc  :»  *xs>8e[ort]  is  a  1— q (t >”valued 
8 • H_q(t)-CADLAG  process  (P.a.s.)  and  therefore  (since 
q(t) '  8*  8-q(t))  is  a  complete  metric  space)  Xfc  is  a 
$_q(t )  “valued  measurable  process.  Since  (<|',s)  is  the 
(strict)  inductive  limit  of  { ($_,  |( .  ||_)  >_e»  it  follows 

4  4 

that  X  is  a  <p  —  valued  measurable  process. 


We  can  then  show: 


III. 1.3.  THEOREM 

Let  {Xfc  :  t>0>  be  a  —  valued  process  satisfying  AS.  2.. 
Let  ]|  be  a  valued  random  variable.  Then 

(a)  There  exists  a  <£'— valued  process  satisfying 

(9)  P{£ti<M  =  +  jo  ?a[A*]ds  +  xt[4>]  y  4»  e  $>  . 

V  t>0  and 

(10)  ]  G6P  with  P(G)  -  1  such  that  t  Jt(o,)  is 
CADLAG  wrt.  the  weak  topology  of  <j|r  for  every 

u>e  g. 

(b)  If  and  are  two  <$'— valued  processes 
satisfying  (9)  and  (10)  then 

(11)  P<Jt  *  ]}t  V  t>0)  -  1. 

PROOF: 

(a)  EXISTENCE:  Fix  t>0.  By  AS. 2.,  there  exists  At  6  V 

with  P(/lt»l)  and  q(t)  e  >Q  such  that 

Xg(u/)  e  $_q(t)  V  s  e  [0,tj  y  At  and 

s  ->  Xg(v)  is  CADLAG  wrt.  |  •  |  —  { t }  y  6  At 


^sjnnLifA.i  j*>'  ■•\*i.;Y-^.T  j>  iv. <*v»: ^gj^g£iBZg£«£3L£SL£ia 
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But  then  for  $  e  jjj  s  |  Xg  <a» )  t  SA4>1 1  < 

lxs(“’,«-q(t>»Tt-.A*#,(t)  V  S  e  to,t)  V»«  At. 

AS.  1.  (c)  implies  that  s  -»  llTt-sA^^q(t)  is  continuous  on 
[0,t]  and  therefore  the  integral 

|o  VW,lTt-sA*lds  *s  f°r  UJe  Afc  and  all  $  6  $. 

We  claim  that  for  every  w  6  At  the  map 
♦  -»  |o  Vu/,lTt-  sA^>]ds  is  continuous  on  (|rr)s 
Let  u;  6  At.  Let  4>n  -»  0  in  ($»D.  Then 

sup  llTt_sA4>nIL(t)<ao  V  s  6  tO,t] 

(since  AS.l.  implies  that  ^  ->  llTt-sA^Hq(t)  is  continuous 
wrt.  t  ) .  Define 

f(S>  -  sup  #Tt_sA*n||q(t, 

Since  s  -»  BTt-sA^Hq(t)  *s  continuoua  on  10, t]  by  AS.l. 

(c),  f  is  a  lower  semicontinuous  function  on  [0,t]  and 
therefore  bounded  on  [0,t].  Hence  f  6  L*([0,t]).  Now, 

RTt-sA^n  Hq(t) 


$’v'y*v,vS> 


<  f  ( s )  v  n  e  H  and 


llTt-sA^rJq<t)  -»  0  as  n->oo  V  s  £  I0,t] 

(recall  that  A  is  continuous  on  $  and  so  is  Tt_g  by  AS.l. 
(b) ) .  Since 

|Xa(u,)tTt— sM>n]|  <  0Xs<">«-qCt>l1WUUqCt> 

<  lx8<“>l_q<t>  f(a)  V  ■>  e  ■ 

and  since  s  -»  II X  (u>)  II  ...  is  CADLAG  (note  that 
"  s  " —q ( t ) 

lllxs«“'>ll_q(t,  -  lxu^>ll_q(t)l  <  lXs(“,>-Xu,“',«-q<t)> 
and  therefore  in  I^dOft]),  the  DCT  gives 

Jq  Xs(<^)[Tt_sA(J)n]ds  ->  0  as  n-»oo. 

Thus ,  $  Xg(a')  [Tt_gA^>]  is  continuous  on  $  for  each 

W£  At.  Also,  for  each  $  6  <[>,  the  mapping 
At  3  ^  Xa(a')  [Tt_gA^]ds  is  measurable  since 

is  a  measurable  process. 

Now,  a  —valued  map  Y  on  (&,F)  is  a  <$'— valued  random 
variable  iff  Y[4>]  is  a  real  random  variable  for  every 
$  e  $  (recall  that  for  a  countably  Hilbert  nuclear  space  $ 
the  s—  field  generated  by  the  strongly  open  sets  in  <£'  is 
the  same  as  the  5*— field  generated  by  the  weakly  open  sets 
in  which  in  turn  is  equal  to  the  smallest  C— field  in 


j|'  with  respect  to  which  all  the  evaluation  maps 
$  :  ri  1^1$];  I|  e  |'i  ^  e  are  measurable).  Therefore 
the  valued  map  ^  :  XI  given  by 


r  jo  XsCu^> £ Tt-_sA4>3cls  for  use  Xlt 
^  0  for  us  £  Xlt 


is  a  <£'— valued  random  variable.  Now,  define  a  valued 
map  J  :  A  <$'  by 

T'tIJ(»)  +  e  nt 


ft("> 


0  for  u)  £ 


(where  T£  :  <j>'  -»  <§'  is  the  adjoint  of  Tfc  considered  as  a 
continuous  linear  operator  on  <j>). 

Since  Xfc  and  are  valued  random  variables  and  since 
Tfc  satisfies  AS.l.  (b),  ^  is  a  <$'— valued  random 
variable.  Hence  is  a  valued  process. 


Next,  we  claim  that  :  t>0)  satisfies  (9):  Fix  t>0  and 
let  ^  e  <£.  Recall  (1)  of  Lemma  III. 1.1,  i.e.  for  any 
F  e  <$r  and  0<s<t  we  have 


(12)  F[Tt_gl|l]  -  F[ljl]  -  J*  F[Tu_gA<t>Jdu  V  f  6  $ 


so,  in  particular,  letting  F  *  X  and  $  *  A^>,  we  have  for 

S 


(13)  Xs  <W)  lTt_sA4>3  -  Xg(u/)[A<J>]  +J£  Xg(u/)[Tu_gA2^>]du 

V  S  e  10, t] 

Each  of  the  following  statements  holds  for  every  imQ 
|t  («/)[+]  «rj<<v)[Tt4>]  +  Xt(u;)[<J>]  +  Xg(iu)[Tt_gA^]ds 
(by  (12)  applied  to  I^(w)  with  s  ■  0) 

l 

■  17  C  <|>1  +  r}(u/)l  TuA<j)]du  +  Xfc  (uj)  [<j>J 

+  JZ  X8(w)(Tt_sA4»dS 

(by  (13)) 

I 

=  I7  (c^)  [  4»1  +  ]](W)[TuA<j)]du  +  Xt(^)[4>]  + 

Jo  (xs<u.)  |A4»1  +  jl  Xg(W)[Tu_gA24>)du]ds 

=  17 «x») t <|>]  +  r^(o/)tTuA4>]du  +  xt(«y)[<|>]  + 

lo  A<f>3du  +  jl  Jl  Xg(«/)CTu_gAA4>]dsdu 

*  17  (*0>  1 4»3  +  /q  £  rj(u/)[TuA<|>]  +  Xu(u<)[a4>]  + 

/£  Xg(^)[Tu_gAA<j>]dsjdu  +  Xt(a/)[<|>] 

*  17  («/)  C  4>1  +  |q  Ju(«o)[A4>]du  +  Xfc(M[<|>]. 


Since  was  arbitrary,  (9)  is  proved.  To  prove  (10) 

note  that  AS.l.  (b)  and  the  fact  that  6  imply  that 
t  ->  T^(uj)[Tt^J  is  continuous  for  every  <m  £  A  and  every 
6  <§.  We  shall  conclude  the  proof  of  (10)  by  showing  that 
for  P.a.s.  u>  e  A  the  mappings  t  4  (u/ )  1 4*  1  and 

t  ->  Xg(tu) [Tt__gA4>l  are  resp.  CADLAG  and  continuous  for 
every  ♦  6  $: 


Let  T  too.  By  AS. 2.  for  each  n  6  H  there  is  A  6  F  with 
n  n 

P(A„)  *  1  and  G  H  such  that 
n  n 


x.  (cu)  e  <$_„  y  t  e  io(T  ]  V  t  e  a 

u  n  n 


and  the  mapping  t  -»  Xfc(ii/)  is  ||  .  ||  -CADLAG  on  [0,Tn]  for 


n 


every  6  An* 


Let  G„  »  D  A_.  Then  P(G)  *  1  and  for  each  n  6 


n  n>l  n 


t  Xt(u/)  is  ||.||  -CADLAG  on  [0,Tn] 

Mn 


Fix  u>0.  Then  u  6  [0,T  )  for  some  n^  €  M  and  hence  we 

no  ° 

have 


\  cue  G  s  |  Xfc  («*/)[$]  -  Xu  (ct^ )  £  ♦>  1  |  < 

HXt(uJ>  “  Xu(w)ll_a  II ♦  II a  V  ♦  6  $,  V  t  6  [0,T  ] 

no  no  ° 

So,  for  each  u>£  G,  t  Xt(ci>)[^]  is  right  continuous  at  u 
for  every  $  6  <|.  If  u>0,  take  t,s<u,  and  we  have  for  each 


w£  G: 


|xt<u/)(4>i  -  xs(w ) 1 4>j |  < 

llxt<u,)  -  V^H-a  «4>«c  v  *  6  J. 

no  no 

But  the  limit  as  t,sfu  exists  and  is  equal  to  zero  on  the 
right  hand  side  by  choice  of  G.  Therefore,  for  each  w  e  G 
t  Xt(<^)[^>]  is  CADLAG  at  u  for  every  $  6  Since  u>0 
was  arbitrary,  t  ->  Xt(u*)  is  CADLAG  wrt.  the  weak  topology 
of  <j>'  for  every  we  G.  Next,  we  will  show  that 

V  <t/e  G  :  t  /£  Xg(u;)[Tt_gA.  Ids  6 

is  continuous  wrt.  the  weak  topology  of  <]>' :  Fix  uj  £  G  and 

let  u>0.  Then  u  G  [0,T  ]  for  some  n  G  N  and 

n0  ° 

t  -»  X.  (tv)  is  ||  .  ||  „  -CADLAG  on  [0,T  ]. 

t  — 1 q_  n 

n_  o 

o 

Therefore,  there  exists  a  constant  L  =  L(<^>)  such  that 

sup  I! X  (w )  || __  <  L<«/>. 

tGl 0,T  ]  s  qnrt 

no  0 

But  then,  for  any  <}>  6  $  and  t  6  [0,Tn  ]  we  have 

o 

|  Jo  V“,ITt-sA*ldS  -  /“  Xs(v)tTu_sA*)d3|  - 

|  J^“  V  "  Tu-sA<"d»  + 


sgn(t-u)  )UAt  Vu0lTtvu-sA+,ds  < 


S^u  L(«-)||Tt_sA4,  -  Tu_3A<,||  ds  + 

"o 

|  )tVu  X,«^>lTtv,u_sA*]ds|  < 

po  L(^)||Tt_sA*  -  Tu_sA+||qn  l(0ft  ul(s)ds  + 


StIuL'“''«‘'tvu_sA*IL  as. 


n. 


The  first  term  tends  to  zero  as  t  u  by  the  DCT  since 


lTt-sa+  -  Tu_3A4,||  <  2  sup 


n,  0<s<t<T 

o  —  —  —  n 


Tt-sA4’»q_  <  ® 


(by  continuity,  since  AS.l.  (c)  implies  that 
(s,t)  ->  || _ gA^llg  is  continuous  on 


*n 


{ ( s , t )  6  [0,Tn  ]  :  0< s< t } ) 


The  second  term  tends  to  zero  as  t  •>  u  since 
^Tt  u-s^Nq,,  *  1[t  u , t  u](s)  - 


n. 


0<s<t<T  llTt-sA<^q_  <  00  • 


- n 


n. 


and  since  tyu  —  t*u  *  |t— u| 


As  u  >  0  was  arbitrary  and  $  6  <|  was  arbitrary  we  see  that 
t  ->  ()"  X  (<u ) I T.  A.  ]ds  is  continuous  wrt.  the  weak 


topology  on  for  every  to  e  G. 


Thus  t  ->  ^t<^)  is  CADLAG  wrt.  the  weak  topology  of  for 
every  <o  e  G.  This  concludes  the  proof  of  (10). 

(b)  UNIQUENESS:  Suppose  that  ^  is  another  §>'—  valued 

process  satisfying  (9)  and  (10).  Let  y(t)  *  ^  “  ^t’ 

Then,  for  each  t>0  there  is  6  F  such  that  P(Afc)  *  1  and 

V^e  nt  :  y(t)(u,)[4>]  *  y(s)  (w)[A4>]ds  V  4>  6  $. 

Also,  there  is  G  6  F  with  P(G)  *  1  such  that  t  -»  y(t)(iy) 
is  CADLAG  wrt.  the  weak  topology  of  <£' .  Hence,  there  is 
Gx  6  F  with  P'G^  «  1  such  that 

y  ( t)  (kj  )  [  4>J  »  y(s)  (a/)[A4>]ds  V  «j>  e  $,  V  t>0 

for  each  toe  G^.  Hence 

y  ( t)  (w)[  j>]  =0  V  <J>  6  $,  V  t>0 

for  each  toe  G^,  by  theorem  III. 1.2.  (take  *  0  in 
theorem  III. 1.2.  and  use  the  uniqueness  part).  Thus 

P(y (t)  *  0  V  t>0)  *  1,  as  claimed. 


REMARK  1. 


Note  that  we  actually  showed  that  the  valued  process 
given  by 

St  *  Tt*?  +  xt  +  jo  A'Tt-sXsds 

(the  integral  being  in  the  weak  sense)  is  the  unique  (in 
the  sense  of  (ID)  <]['  —  valued  stochastic  process 
satisfying  (9)  and  (10). 

Note  also  that  we  showed  that  for  every  c^€  G  the  mapping 
t  J}(.D[Tt<|>J  +  J*  Xs(w/)  [Tt_sA4>)ds 

is  continuous  for  every  4>  G  <j>  when  X  *  *Xs*s>0  sat^s^^es 
AS • 2 • • 

Let  {Pfc  s  t>0>  be  a  right  continuous  (i.e. 

n  F  *  F.  V  t>0)  filtration  on  (ArF)  such  that  F 
s>t  s  c  ° 

contains  all  P~null  sets. 

Recall  that  a  real— valued  Ffc— adapted  process  M  =  (Mt)t>g 

2  " 
is  called  an  L  —semimartingale  wrt.  (Ft)t>Q  iff  M  admits 

a  decomposition  M  =*  B  +  M1,  where  M1  *  (Mt*t>0  is  a  CADLAG 

martingale  wrt.  (Ffc)t>Q  satisfying  E(M^)^  <  oo  V  t>0  and 

B  »  ^Bt^t>0  *s  a  CADI,AG  F^— adapted  process  of  bounded 

**  2 
variation  on  compact  sets  satisfying  EB‘  <  oo  V  t>0. 


A  (p— valued  process  M  *  ^Mt*t>0  *s  ca^*-e<*  a  <wea^^ 

A 

<$'— valued  L— semimartingale  wrt.  (Ffc)t>Q  iff 


2 

V  <J>  6  $  s  is  a  real— valued  L  -semimartingale 


wrt.  <^t^t>0‘ 


REMARK  2 

A.  S.  Ustunel  [26]  has  defined  the  notion  of  a  (strong) 
<j>'— valued  semimartingale.  A  (weak)  semimartingale  in  the 
above  sense  gives  rise  to  a  strong  valued 
semimartingal''  (see  [26]#  theorem  III.l.)#  whereas  if 
X  -  <xt) 

(xtl*l)t>0  *s  a  reai— valued  local  semimartingale  which  is 
not  necessarily  in  L  (A,F,P),  ($  e  <$). 

2 

The  L  property  is,  however,  crucial  to  our  argument. 

III. 1.4.  THEOREM 


t>0 


is  a  strong  <$'  — valued  semimartingale  then 


Let  (Xfc  :  t>0)  be  a  <|'  —  valued  semimartingale  (wrt. 
(Ft)t>g).  Then  (Xfc  :  t>0)  satisfies  assumption  AS. 2. 

PROOF: 


(Adapted  from  a  proof  of  I.  Mitoma  concerning  Gaussian 


processes  ([21]#  theorem  1,  proof  page  211/212)). 

Fix  t>0.  Since  (X  [$]  :  s  6  [0,t])  is  a  real-valued 

s 

L— semimartingale  for  each  ^  6  <|), 

e ( sup  |xa[4>]|)2  <00  V  <t»  e  J>. 

0<s<t  8 

Since  X  (<u),  s  €  [0,t]  uu  6  A  is  a  continuous  functional 
s 

on  <£,  the  mapping  Xt(i^)  defined  on  ^  by 

Xfc <«o)  (<t>)  sup  | X  (u^)  [  ^>]  | 

seio,t] 

is  a  lower  semicontinuous  function  of  $  e  $  for  P— a.s., 
u>  e  XI  (note  that  the  above  supremum  is  finite  for  all 
<►  6  $  and  P.a.s.  w  €  XI,  since  s  X  («')[^>]  is  CADLAG  for 
every  ^  6  $  and  P— a.s.  ^  e  XI). 

But  then  Vfc($)  :  *  E(Xfc($))2  is  also  a  lower 
semicontinuous  function  of  4>  6  because  if  4>n  $  in 

then  Fatou's  lemma  gives 

liminf  V.  (4  )  >  E(lim  inf  (Xfc(A  ) ) 2) 
t  Tn  —  ^  n 

n-»oo  n->ao 

>  E(Xfc(4>))2 

-  vt(4>). 

Hence,  for  any  n  €  ■  the  set  :  Vt(4>)  <  n)  is  closed 


<vt«j»  >  o  vi>.  now, 

$  *  U  :  V.(4>)  <  n>  and  since  (<|,r)  is  a  complete 
n>l  c 

metric  space,  Baire's  theorem  implies  the  existence  of 
nQ  6  ■  such  that  interior ({^  :  Vfc(4>)  <  nQ>)  ^0,  i.e. 

:  Vt <4>)  <  nQ}  contains  a  r—  neighbourhood  of  zero  in  <j>. 

But  Vfc  is  a  convex  function  of  ^  satisfying 
Vfc(a<j>)  *  |a|2Vt<$)  V  a  6  R  and  hence 

6  <j>  s  Vfc($)  <  nQ}  is  convex  and  balanced. 

Now  contains  a  r— neighbourhood  of  zero  in  <{>  (and 
hence  Efc  is  a1 so  absorbing),  i.e.  there  is  a  set  Dfc  of  the 
form 


(4>  6  $ 


<  et};  et>o 


such  that  cz  Efc. 


But  then  there  is  a  constant  such  that 

PE  <  kipd  ^  V  $  6  $  (where  pfi(.)  denotes  the 
t  t 

Minkowski-functional  for  the  convex,  balanced  and 
absorbing  set  B).  Now, 


and 


PDt<  +  > 


hence 


V+>  *  Klnoet2»*»L 


V  4>  e  $. 


t  ■**»*&.  a..1*.’ 


Since  (g  is  countably  Hilbert  nuclear  there  is  rfc  >  pfc  such 

*pt  * 

that  the  canonical  injection  -C  :  <J>  4  f 

t  t  pt 

is  Hilbert— Schmidt.  Let  {$.  :  It  6  ■}  be  a  CONS  in  <$ 

*  rt 

consisting  of  elements  of  $.  Then 


OP 

\  II  4.  II  2 


2_  <  OP,  so 


:{sup  )  (x_[+lr  J )  2> 

se(0,tl  ^  8  k 


OP  OP 

<  )  E(sup  |x  [<MI>2  =  )  Vt ( 4».  ) 

k*l  SeiU,tJ  k=l 


op 

\  n  a  ii  2 


-2_  «-2  : 


“  Ct  Z_  H^kllp  <  00 '  where  Ct  =  K!n0et  '  i8e> 

i _ i  t 


E ( sup  II X  ||  f.  )  <  00. 
s6[0,t]  3  rt 


Hence  there  is  Gfc  6  F  with  P(Gt>  =  1  such  that 


sup  ||X  (u>)||_„  <°o  V  v  6  G., 

s€[0, t]  3  rt  * 


i.e.  for  each  iv  6  Gfc  there  is  a  finite  real  number  N(««^) 
such  that 


sup  ||X  (u,)  ||‘  <  N(u>)  <  oo. 

se[0,t]  3  ”rt 


Choose  q.  >  r.  such  that  the  canonical  injection 

.  r. 

1  :  <5  is  Hilbert— Schmidt  and  let  :  k  6  ■} 

qt  ^t  t 


>  V  V  v  V  V  . 


.VvV'i'VvvS-v'  /*V 


be  a  CONS  in  (f  consisting  of  elements  of  <j>. 


By  assumption  on  X,  for  each  ken  there  is  Ak  €  F  with 
P(Ak>  *  1  such  that  the  mapping 


[0,t]  a  s  ->  Xg(u;)[$k]  is  CADLAG  for  every  ou  £  Ak< 


CD 


Let  At  *  Gtn  (  D  Ak>.  Then  P(Afc)  *  1  and 
k*l 


|xu<*)l#k]  -  xg^)[Urk]|2  <  2N(^)|UJk||2 


for  every  tv  £  At  and  every  s,u  £  [0,t].  Since 


CD 


2_  IJ^Hr  a>  it  follows  by  dominated  convergence  that 


lira  || X  (u,)  -  X  (u>)||l 
s|u  8  u  qt 


00 

lim  )  (xt^miM  -  x  (v)!^])2 

gin  4—  8  *  U  K 


1“ 


k*l 


CD 

)  lim  (Xa«c>Hjr.1  -  *  0 

i— t  8  K  u  * 


k=l 


4U 


V  w  £  A, 


Similarly, 


lim  || X  (u/) 

stu 

S'fu 


x8,(^)||iq  -  0  V  At. 


Further,  since  q.  >  r.  , 


s6[ 0, t] 


se[o,ti 


t 


<  CD 


V  e  completing  the  proof. 


For  reference  later  we  note  that  we  showed  that 


E  sup  ||  Xa  || 1  <  oo.  Since  q.  >  r.  it  follows  that 

seto,ti  8  “rt  c  c 


E  sup  l|Xt||l  <oo. 

setO,t]  c  qt 


—Recall  that  a  real— valued  process 

is  called  progressively  measurable  wrt.(Ft>t>0  iff 

(a)  Yfc  is  Ffc— adapted  V  t>0 

(b)  V  t>0  j  (s^)  Y  (~);  (srw)  €  [0,t]xA  is 

9 

8 (R)/8 ( [ 0, t ] )xFfc  measurable. 

—Recall  that  A  is  a  continuous  linear  operator  on  $  and 
that  {Tfc  s  t>0}  and  A  satisfy  AS.l..  Let  A'  :<£'-» 
denote  the  adjoint  of  A. 


A 

Let  M  =  be  a  valued  L  — semimartingale  and  let 

I|  be  a  <$'— valued  random  variable. 


Let  ^  :»  <Xg,r}  !  0<s<t>V{P-null  sets},  t>0.  A 

<£'  —  valued  process  is  said  to  be  a  solution  to  the  SDE 


on 


i' 


d!t  38  A'ftdt  +  dMt 


(14) 


*0=  ^ 


iff 


(i)  V  <t>  6  $  s  the  mapping  (t,to)  -»•  5t(£i>)[$]  is 

progressively  measurable  on  [0,oo)xA  wrt.  :  t>0}  and 

(ii)  for  every  t>0; 

(15)  +  Jl  ^uEA4>]du  +  Mt[4>] 

V  <j>  6  $}  *  1. 

Further  the  equation  (14)  is  said  to  have  a  unique 
solution  iff  for  any  two  <j>'  —  valued  processes  t^^tX)' 
mt)t>0  satisfying  (i)  and  (ii)  above  we  have 


(16) 


p<  t  "  V  fc^0}  “  lm 


III. 1.5.  THEOREM 


Let  A  :  <j>  $  be  linear  and  r— continuous  and  suppose  that 


A  satisfies  AS.l.. 


Let  M  =  *Mt*t>0  a  valued  weak  L— semimartingale  and 
I|  be  a  <p—  valued  random  variable.  Then  the  SDE  on  (jp 


(14) 


dJt  ~  A'5tdt  +  dMt 


So  -  n 


has  a  unique  solution  satisfying  (10)  of  theorem  III.  1.3.. 
Explicitly,  this  solution  is  given  by 


It  -  +  Mt  +  A'T;_8M3as  p.a.s.  V  t>0. 


(where  T^  denotes  the  adjoint  of  T^  considered  as  a 
continuous  linear  operator  on  <§,  and  where  the  integral  is 
in  the  weak  sense). 


PROOF: 


By  theorem  III. 1.4.,  theorem  III. 1.3.  applies  and  thus  the 
fp— ' valued  process  given  by 


<■  .  * 
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(17)  Jt  -  T{,]]  +  Mt  +  A'Tj,_sMsds  (P-a.s)  V  t>0 

is  the  unique  (in  the  sense  of  (11)  and  therefore  of  (16) 
$r -valued  process  satisfying  (10)  and 

=  1?1<t>1  +  “t1^1  +  jo  5u[A^ldu  V  <t>  6  $>  -  1 


V  t>0. 

(17)  obviously  implies  that  £  [$]  is  adapted  V  t>0  for 

every  <j>  e  <}>,  and  (10)  implies  that  t  is  CADLAG 

P— a.s.  for  every  $  6  $  and  therefore  (tr«o)  Jt(‘o)l4>l  is 
progressively  measurable  wrt.  ^  for  each  ^  6  $  (by  Meyer; 

[ 20 ]  theorem  m  47 ) . 

Hence  given  by  (17)  is  the  unique  solution  to  (14) 
satisfying  (10). 

I 


III. 1.6.  PROPOSITION 

A 

Let  M  =  (Mt}t>0  ^®  a  weak  L  — semimartingale, 

and  let  I|  be  a  valued  random  variable  satisfying 

Ell^llf.r  <  00  f°r  some  r  6  HQ.  If  either 

(i)  r}JL<Ms  *  s>0 }  or 


•  m  *  m  *  •  •  •  ^  •  m  «.  *  ^ ^  ^ ^  ^  ^  ^  ^  ^  ^ 


k\ 


(ii) 


is  FQ— measurable 


then  the  —valued  process 

5t  *  +  Mt  +  (oA'Ti-aMaas  (p-a-s-» 

is  a  ([['-valued  weak  L2— semimartingale  wrt.  (^£)t>Q. 
PROOF: 

We  already  know  that  is  adapted  for  every  6  <j) 

and  if  either  (i)  or  (ii)  holds  Ihen  (M^[$])t>o  is  a 
(^)t>Q—L2— semimartingale  for  every  ^  6  <|j.  Therefore  it 
suffices  to  show  that  for  each  4>  6  <[>  the  process 

+  )o  MatTt_aA+lds)ti0 
2 

is  a  CADLAG  L  —process  of  bounded  variation  on  compact 
sets.  But  it  follows  from  lemma  III. 1.1.  that 
t  ->  (<^)  [Tt<j>]  is  differentiable  for  each  <J>  6  $  and  each 

6  Ci.,  and  the  mapping 

t  -»  Jo  MS(“')ITt-SA*]as 

is  absolutely  continuous  for  P— a.s.  &  e  0-.  Thus  it  only 
remains  to  show  that  for  every  4>  6  $ 


E(rjtt$]  +  (q  Mg[Tt-aA^)]ds)2  <00  V  t>0  : 
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By  Remark  3  there  is  r.  e  such  that 

to 

E  sup  )t M  )|  <  cd.  Hence 

0<s<t  8  t 

E,l?tV  +  A  M»ITt-aA+ld,,i  i 

2B(TJITt4>l  > 2  *  2E<  (I  MstTt_sA*lda)J  < 

2<E|J}lir)|Tt+||^  + 

2Elo  £  » "a 5 - r t » Mu » -r t » Tt- U rt I Tt-u'1+  'I rtd8du 

<  2||Tt*lrEii  J?lir  + 

2lo  lo  <E  »  "a  II  -r  E  «  Mu  #  ir  > 1/2  *  Tt-aA*  H  r  'I  Tt-uA*  H  r  d3du 

W  t  w  t 

2E(aup  |M  I2  )  <(£  JT t_  A+K  da)2  <  oo, 

0<s<t  8  rt  JO  z  3  rt 

since  EjJ^||^r  <oo  by  assumption  and  s  RTt_gA$||r  is 
continuous  on  [0»t]  by  AS.l.  (c). 

Por  any  T>0  and  q  e  BQ  let  D( [  0,T] denote  the 
Skorohod  space  of  all  (?  .—valued  functions  F  on  [0,T] 

M 


which  are  CADLAG  wrt.  D([0,T1,<E  q)  is  a  complete 

separable  metric  space  under  the  metric  constructed  by 
Lindvall  [191  (see  also  [1411. 


fiaaamBX 


Let  M  *  (Mt>t>0  ^  a  W “valued  weak  semimartingale  and 

let  ]|  be  a  <p— valued  random  variable  satisfying  either 

(i)  or  (ii)  of  proposition  III.  1.6.  and  for  some 

r  e  M. 
o 


Let  jt  denote  the  unique  solution  to  (14)  satisfying  (10) 
whose  existence  was  shown  in  theorem  III. 1.5.. 


Then,  for  every  T>0,  there  exists  AT  e  F  with  P(AT)  *  1 
and  pT  e  «0  such  that 


fT  (<«)!-  <Jt<">>tet0(T1  e  D(to,T],l_pT)  Vu,e  at 

PROOF: 

is  given  by 

5t  '  Ti>?  +  »t  +  It  A'T4-sMada 

and  therefore  *5t*t>0  a  $,"‘va^ue<*  weak 
2  " 

L  -semimartingale  by  proposition  III. 1.6..  Hence Jt 
satisfies  AS. 2.  by  theorem  III. 1.4..  But  AS. 2.  is 


>  V  .•  V'-  v 

■  y-r 


equivalent  to  the  assertion  of  the  corollary. 


For  any  <|#— valued  process  Y  -  tYt*t>0  define  for  T>® 


Y  :*  ^t^teiOfT]* 


If  M  -  (Mt)t>0  is  a  valued  weak  semimartingale  then, 
by  theorem  III.  1.4.,  for  every  T>0  there  exists  qT  €  Mq 


such  that 


MT  e  D([0,Tl,f  )  P— a.  s. . 


Corollary  III. 1.7.  says  that  for  any  "reasonable”  initial 
condition  T}  there  is  pT  e  such  that 


6  D([0,T],<J  )  P— a.s. . 


If  qT  *  min  {q  6  *Q  :  MT  e  D(  [0,T]  ,$-q) } 

then,  it  is  clear  from  the  expression  for  that  in 
general  pT  >  qT.  However,  when  $  and  the  operator  A  have 
special  properties  frequently  encountered  in  praxis  we  may 
always  take  pT  *  q-,  provided  that  D  £  $  .  To  see  this, 

'  'l  J 

we  first  prepare  some  auxiliary  results: 


Every  uncountable  analytic  space  is  of  the  second  category 
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PROOF: 


Let  S  be  an  uncountable  analytic  space.  Then  S  contains  a 
subset  K  which  is  homeomorphic  to  the  irrationals  (see  J. 
Hof f man— Jorgensen  4  F.  Tops*Se  [7],  theorem  7  page  22  and 
subsequent  remarks).  Since  the  irrationals  are  of  the 
second  category ,  so  is  K  and  hence  S. 

) 

III.1.9.  LEMMA 

If  $  ^  (0),  then  ($#||.|p)  is  of  the  second  category  for 

each  p  e  ■  . 

o 

PROOF: 


Let  p  6  IQ  and  let 4,^  :  $  <$p  denote  the  canonical 

injection.  Then,  since -Up  is  continuous,  ($»R.|p)  is  a 
continuous  image  of  the  Polish  (i.e.  complete  separable 
metric)  space  ($,T),  and  thus  ($r|.|p)  is  analytic,  so 
the  conclusion  follows  from  lemma  III. 1.8.,  since  every 
real  vector  space  of  dimension  >  1  is  uncountable. 


For  p  €  Bq  let  <»#*>p  denote  the  inner  product  on 

<♦.♦>„-  ;<l*  ♦  *1,  -  l+lp  - 


7  V 
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DEFINITION 


A  set  :  j  6  ■}  c  ||  such  that 

(i)  (4>.  :  j  6  ■>  is  a  CONS  in  and 


(ii)  v  p  e  1D  v  <M  6  $p  S 


«M>, 


CP 

)  <♦.+;,><,<*.  ♦j>0IH>j  Dp 

j-1 


is  called  a  common  orthogonal  system  for  :  p  6  *  >. 


Suppose  that  $  has  a  common  orthogonal  system  :  j  8 


l>  for  %  *  P  6  *Q). 


If  B  s  Jq  ^  is  a  bounded  linear  operator  satisfying 
B$  c  <£,  then 


(18)  B$pc$p  Vpe«( 


(19)  B|*  is  j) .  B  —  continuous  V  P  6  M 


PROOF: 


Let  p  e  *Q.  For  each  k  8  N,  define 


mr 


■  ,  •  -  •  .  *  .  *  *  '  .  " 
*>  .  •  j  *  •  *  *>  •  i 

/Vv'-v'/v-. 


*  »  »  •  ■  »  »  >  » 
•  •  V  *,  %  %  V*  -  • 


•  .V  %  *.  •  \  *.  . 


> .  .•> 


vv . 
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— i.  -  ▼  V  —A. 


i 


i 

r 


I 


<p<+> 


Since 


k 

r 

h 


<B+.*j>’l+jl^i  ♦  e  I 


p* 


V  p  6  Bo,  V  $  e  $  and  since  B  is 

i_ 

continuous  on  f*  is  a  il  •  Ip—  continuous  function  of 
4  6  $  for  each  k. 


Also,  sup  fK(4>) 

ke*  p 


Therefore, 


f_(4»  s-  sup  f*<4>) 


MWl  <  ®  V  ♦  G  I  since  c 


kei  P 


is  a  lower  semi continuous  function  on  ($,  |.|  ).  Moreover 


f p { a<^ )  *  |a|  f  <$>  V  a  €  R  and  f  is  convex  on  <|. 


Hence 


,  for  any  n  6  H,  Afi  »  {<J>  e  $  s  f  (4>)  <  n}  is  a 


closed,  convex  and  balanced  subset  of  <$# R - N  p>  *  Further, 


$  »  U  A. 

n>l  n 


Since  :  j  e  ■}  is  a  common  orthogonal  system  for 

t$p  «  P  e  >0 ) ,  $  ?  {0 >  and  thus  lemma  III. 1.9.  implies 

the  existence  of  n  e  ■  such  that 

o 


interior  (Ar  )  ?  0  in  <$»  || .  |  ) 
o  ^ 


Since  A_  is  convex,  balanced  and  contains  zero,  A 

no  o 

contains  a  zero— neighbourhood  in  i.e.  there  is 

e  >  0  such  that 

<4>  6  I  :  IH> || p  <  e>  c  e  $  •.  fp(4»  <  nQ} 

But  then  there  is  a  constant  K  such  that 

£p<+>  <  *1*1*  V  *  e  1;  i.e. 

R R p  <  *l*llp  V  ♦  e  I- 

Since  $  is  dense  in  $p  (18)  and  (19)  follow. 

} 

III. 1.11.  THEOREM 

Let  H  *  <|0  and  suppose  that  $  has  a  common  orthogonal 

system  :  j  £  H)  for  (<£p  :  p  6  MQ>.  Suppose  further 

that  (in  addition  to  satisfying  AS.l.)  A  is  dissipative 
and  selfadjoint  on  H  ■ 

Let  M  ■  <**t)t>0  be  a  -valued  weak  L  -semimartingale 

and  suppose  that  MT  e  D([Q,TJ,<$  )  (P-a.s.)  for  some  T>0. 

~qT 

2 

Let  be  a  <$'— valued  random  variable  such  E||]^||_r  <  oo 
for  some  r>0  and  suppose  that  satisfies  either  (i)  or 
(ii)  of  proposition  III. 1.6..  If  D(u^)  e  <£_  V  ^  6  A, 

'  Hip 


then 


?T  6  D(tO*T],<$  )  (P-a.s.)  where 

J  Hit* 

5t  -  Tin +  jo  A'T;-8Msd3  +  v 


PROOF: 


Since  T  is  a  bounded  linear  operator  on  H  *  ^  and 
Tt^C  $  by  AS.  1.  (a),  lemma  III.  1.10.  gives  ^  Tt 
V  t>0.  Hence  T'<5  d  T?<5  V  t>0  and  therefore 

^  Hip  ^  Hip 

|T^«_„  <  m  V  t>0.  Also, 


H || _  <  cd  V  t  e  [ 0,T]  P— a.s.  by  assumption. 

t  -qT 


To  show  that  also 


Mo  A'Tt-sMsd8*-qT  <  00  V  t  e  [  0,T]  (P-a.s.) 
it  sufficies  to  show  that  ^  -»•  Ms(<c)  [Tt_gA$]ds 


extends  to  a  continuous  linear  functional  on  <f  for 
P— a.s.  e  A: 


Since  A  is  selfadjoint  on  so  is  Tfc  for  each  t>0  and 
since  TfcA  »  ATt  V  t>0,  TfcA  is  selfadjoint.  By  the 
spectral  theorem  we  therefore  have 


<TtA*>,t>0  -  fM)  \eUd<E(\)*,*>0  V  4>  e  $ 
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where  S(A)  *  Spectrum(A)  and  E(\)  is  the  unique 
resolution  of  the  identity  on  <5  associated  with  A.  Since 


A  is  dissipative  on  6(A)  c.  (—  od,0]  and  hence 
|<TtA«|>,<|»o|  <  Kfc IH> || q  V  t>0  V  <|>  6  $ 

Yt  1 

Where  K.  *  sup  |\e*  |  <  —  <  oo  V  t>0. 
c  \6  (A)  et 

Since  $  is  dense  in  TfcA  extends  to  a  continuous  linear 
operator  on  for  each  t>0.  By  AS.l.  we  also  have 
TtA$  $  so  lemma  III. 1.10.  gives 


TtA5qT  <=  lqT 


(20)  T  A|x  is  IML  continuous  V  t>0. 

qT 


By  assumption  there  is  A™  6  F  with  P(Am)  =  1  such  that 


t  ->  M  (u>)  is  || .  |j  -CADLAG  on  [0,T]  for  each  w£  A™,. 

^  4»ji  A 

But  then 


)o  llV“'>lTt-SA^1  ldS  <  ®  VMiVte  EOrT] 
V  “-’S  At»  because 


(22) 


lM8(«HTt_sA*]|  <  |M.(a»|  |Tt_,A4,H 


*  •  v  V  V  1 


.  *v*v  v-'! 

•*  ■  V-.  V'f.A*.'.-.  I*. 


and  since  $  €  s  WTt-aA^HqT  is  continuoas  on  1 0 rT  1 
by  AS.!  (c).  Let  n  €  B.  We  claiai  that: 

(23)  A  ->  Jm  (w)[T.  A^]  |ds  is  continuous  on 

II  *  Hr.  )  for  all  *  e  -0>T: 
qT 

Let  4>,$k  €  $  and  suppose  that  ||^  —  $kl|q  -»  0  as  k  -»  od 

By  (20)  ||  T.  ||„ - >  0  for  each  s  6  [0,t-l/nj. 

t  s  k  qT  k_>aJ 


Hence 


f  ( s )  :=*  sup  || T.  CA(<|>-1|F.  )  I  <00  V  s  6  [0,t—l/n] 
n  k€H  t-S  K  qT 


and  since  s  -»  flT.  {$—$.)  ||  is  continuous  on 

u  S  K  4(p 

[ 0,t— 1/nl,  fn(s)  Is  lower  semicontinuous  on  [0,t— 1/nJ, 

and  thus  f  e  L1 ( [ 0, t— 1/n] ) .  Therefore 
n 


{t-l/n 


|Ms(^)tTt_gA(<t>-l|Jk)l  |ds - >  0  V  "6  At 

J  '  k-»oo 


by  (22)  and  dominated  convergence. 


Define,  for  t  e  10,T]  and  •*/€  AT  fixed. 


gt^(4>)  -  sup  fl  1/n  |Ms(^)CTt_sA4»]|ds;  <f>  e  $ 


Then,  by  (21)  and  (23)  g.  is  a  lower  semicontinuous 

t.,a> 

function  on  ($,  ||.|_  ).  Moreover, 
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gt,J^  m  lalgt,«*<*>  V  a  e  R 

g.  is  convex  on  3>. 
t  ,u;  •x 


Since  (<$,  || .  ||  )  is  o£  the  second  category  by  lemma 

III. 1.9.,  it  follows  by  a  now  familiar  argument  that  there 

is  a  constant  C(t,v)  such  that 


gfc,j4»  1  c(t,M||4>||qT  V  4>  6  $. 

Hence,  for  each  t  6[0,T]  and  ^6  AT,  gt  ^  extends  to  a 
continuous  function  on  $  .  But  then 

I  jo  V",[Tt  -,A*)d9  -  jo  Ms<^(Tt_sR»)ds|  < 


gtfU,<4>  -  $>  <  c(t^)  II*  -  $||q  and  thus 


*  **  Ms(u,)[Tt_gA<|>]ds 


is  ll*lla  —continuous  on  $  for  each  t  6  [0,T]  and  ivG 

'dip  ■ 

Since  $  is  dense  in  $  • 

♦  Mg(c^) [Tt_sA^>]ds  is  continuous  on  ^  ,  i.e. 

Io  A'Tt-sMs(  )ds  6  $-q  V  t  6  [  0  ,T  ] ,  v  at. 


Hence  6  $_q  V  t  6  [0,T]  V  ^  6  AT. 


V  -  V  “  *•  *.*  •  * 


«»  -  *  •  .  •  »  •  »  «  »  .  .  .  . 
'j  -A-  v  •  s  *  .  'j  *>  •  ■  *  «  '.A:*  v. 


*  v  ^  ■.*  *  v^.;j 


To  show  that  t  V.  is  ||  .  |  -CADLAG  on  [0,T]  (P-a.s. 
we  note  that  the  conditions  of  Corollary  III. 1.7.  are 
satisfied/  and  thus  there  is  pT  6  H  and  GT  e  F  with 
P(Gt)  «  1  such  that 


(24)  6  D(tO,T],$  )  V  ooe  G 

rip  A 

Fix  s  e  tO/T].  Let  t  i  s  as  n  ao.  Then  by  (24) 


^  fg(u;)[4>]  V  ^  6  $  V  UJ  6  G,j,/ 


i.e.  for  every  cue  G_ 


(<") - >  f  (u;)  weakly  on  <§' . 


n  n->ao 


Since  $  is  countably  Hilbert  nuclear  this  implies  that 


(uj) - >  JsU)  strongly  on  <|' . 


n  n->oo 


Since  ^\(«.>)  6  <$  V  0<t<T  V  ^6  AT  and  since  ($',«■)  is 

afTI  • 


the  strict  inductive  limit  of 


{<E  :  q  6  ■}  this  means  that 


II  (u/)  "  Js^HLa  0  v  u/g  G„nAT 


But  (<£_  ;  || .  ||  )  is  a  metric  space/  so  sequential  right 

alp  Mip 

continuity  wrt.  || .  |  implies  right  continuity 


wrt.  B  •  ||  _a  •  Therefore# 


is  || .  |  —right  continuous  at  s  e  [0,T)  for  every 

^  'lip 


Ll> 


6  Aj  G^,  i 


In  a  similar  fashion  we  show  that  the  left  limit 


exists  in  || .  ||  for  s  e  (0#T]  for  every  u.>e  G-HA-. 

*3q»  1 


Hence  JT(^)  6  D([Q#Tl;<j>  )  V  *^e  G^H  Am  completing  the 


proof . 


Corollary  III. 1.7.  may  be  derived  without  assuming  that  1^ 
satisfies  either  (i)  or  (ii)  of  proposition  III. 1.6.#  but 
the  proof  is  rather  long  and  tedious  and  since  the 
resulting  gain  in  generality  is  practically  insignificant 
we  omit  it.  Instead  we  note  that  this  assumption  may 
consequently  also  be  dropped  from  theorem  III. 1.11. 

REMARK  £ 

The  class  of  countably  Hilbert  nuclear  spaces  possessing  a 
common  orthogonal  system  for  the  generating  sequence  of 
Hilbert  spaces  :  p  e  is  rather  large  and  in 
particular  it  contains  any  nuclear  space  generated  in  the 
manner  discussed  in  Chapter  II  and  Appendix.  In  particular 


it  contains  the  Schwartz  space  £/(Br)  of  all  rapidly 
decreasing  functions  on  Bd. 


— Theorem  III. 1.11  is  a  generalization  of  a  very  recent 
result  by  R.  T.  Chari  ([4],  1985).  He  shows  the  following: 
(A  denotes  the  closure  of  A  in  H) 


Let  $  *  ^(B6);  H  -  *  L2(Bd).  Let  A  :  ^(Bd>  ^(Bd) 

be  continuous,  linear  and  suppose  that  A  is  selfadjoint 
and  dissipative  on  H.  Suppose  that  there  is  a  strongly 
continuous  semigroup  of  bounded  linear  operators 


(Tfc  :  t>0)  on  if (Bd)  satisfying 


(25)  FIT  4>]  -  F [ 4>] 


fo  t>o  v  f  e  Sf*  ( Bd )  v  <j>  e  J^<Bd). 

(in  view  of  his  other  assumptions  on  A  and  {Tfc  :  t>0)  (25) 
amounts  to  saying  that  A  is  the  strong  generator  of 
{Tfc  :  t>0}  in  the  >^(Bd)— topology ) 

Let  M  ■  (Mt)t>g  be  an  if*  (Bd)—  valued  weak  martingale  for 
which  there  exists  q  >  1  such  that 


V  T>0  :  Mt  e  D(10,TJ,5_  )  P-a.s. 

— q 


If  <  oo,  then  the  SDE  on  */'  (Bd) 


•  j-  j*  •  •  - 


*  *  ,»  *“•  <.■*  ■»>  .*  ,*  v  V*- 


( AJt  •  A'Itdt  +  ®t 
.fo  -  n 

has  a  unique  solution  f  *»  (Jt>t>0  aatisfyin9 
V  T>0  :  6  D([0,T],i$_q)  P-a.s.. 

As  Chari  remarks  (14] ,  page  10):  "It  is  easily  checked 
that  Tfcf  »  etAf  for  f  e  (Ed),  (where  etA  is  the 
semigroup  of  selfadjoint  contractions  on  L  (M  )  generated 
by  A)".  This  in  combination  with  (25)  implies  that  our 
assumption  AS.l.  is  satisfied  in  Chari's  case  and  in  view 
of  Remarks  4  ^nd  5  above  we  therefore  see  that  Chari's 
result  is  a  special  case  of  theorem  III. 1.11.  and  theorem 
III. 1.5. . 

His  method  of  proof  is  quite  different  from  ours,  however, 
and  makes  use  of  finite  dimensional  approximations, 
obtained  through  a  theorem  by  Doleans—Dade  (151),  to  the 
solution  and  then  it  relies  heavily  upon  the  existence  of 
a  common  orthogonal  system  in  ^(Ed)  as  well  as  the 
dissipativity  of  A.  Although  his  method  gives  that 

e  D( [0,T] ,<E  )  rather  painlessly,  it  does  not  provide 

an  explicit  formula  for  the  solution.  Also,  as  theorem 
III. 1.5.  shows,  neither  dissipativity  of  A  nor  the 
existence  of  a  common  orthogonal  system  are  essential  for 
the  existence  and  uniqueness  part.  Purther,  theorem 


III. 1.11  shows  that  the  assumption  that  the  noise  "lives” 

in  the  same  $ _ for  all  t>0  is  not  material  to  the 

conclusion.  In  fact,  this  assumption  makes  the  nuclear 
structure  of  ^  superfluous  (the  fact  that  is  nuclear 
does  not  enter  Chari's  proof  at  all)  and  in  effect  reduces 
the  problem  to  solving  SDE's  on  a  Hilbert  space. 


REMARK  £ 

If  the  <£'— valued  weak  L  —semimartingale  M  -  *Mt*t>0  ^as 
the  property  that 


(26)  V  ♦  e  $  s  ( M^_ 1 4>  1 ) t>o  is  a  continuous  real 


L— semimartingale  (P— a.s.) 


then  the  spaces  D([0,T],$ _ )  and  D([0,Tlr(E  _  )  in 

Pij»  — Qip 

respectively  Corollary  III. 1.7.  and  theorem  III. 1.11.  may 

be  replaced  by  the  spaces  C([0,T],$  ),  respectively 

PT 

C([0,T],cE  );  where  CllO,T],<$  )  denotes  the  complete 

qT  r 

metric  space  of  all  II  •  l_r” continuous  functions 
f  :  [ 0fT]  -»  $_r. 


Notice  that  when  (26)  holds  then 


(27)  v  T>0  e  «Q  :  MT  e  C(C0,TJ;$_r  )  P-a.s. 


((27)  may  be  proved  following  the  exact  same  procedure  as 
was  used  in  the  proof  of  theorem  III. 1.4.).  The  necessary 


changes  in  the  proofs  of  Corollary  III. 1.7.  respectively 
theorem  III. 1.11.  are  obvious  and  therefore  omitted. 

Hitherto  we  have  not  been  concerned  with  the  construction 
of  valued  weak  L— semimartingales.  In  fact,  our 
definition  of  these  presupposes  that  a  —valued  process 
M  *  (Mt) t>0  *s  alrea<Jy  9^ ven  and  then  it  is  an 
L  — semimartingale  wrt.  a  filtration  if  Mtl$]  is  a 

real  L  — semimartingale  wrt.  Ffc  for  each  ^  e  <£.  In  praxis, 
however,  one  is  often  given  a  family  (M(^)  :  <j>  6  $>  such 
that  M($)  »  (Mt(^))fc>0  is  a  real  semimartingale  for  each 
$  e  $  and  such  that 

"t'Mi  +  V  1  ■  W+l>  +  W+2>  P"a-S- 

for  each  t>0,  \2,$2>  e  Rxj£xRxj$, 

and  so  the  question  is  whether  there  exists  a  <£'— valued 
process  M  *  (Mt*t>0  such  that 

Mt t4>l  -  Mt[*J  V  t>o  p-a.s.  y  4>  e  $. 

The  following  result,  which  uses  a  technique  devised  by  K. 

A 

Ito  in  [12]  known  as  regularization,  gives  a  sufficient 
condition  which  is  often  useful: 


Let  Mt  ■  {Mt (^)  :  4>  6  $>;  t>0  be  a  family  of  real  valued 
stochastic  processes.  If  <**t>t>0  has  the  properties 

(L)  St(cl*l  +  c2^2)  "  ciSt(^l>  +  c2St(^2) 

V  t>0 ,  (C|  ,c2, 4>1»4>2)  6  RxRxj|x$  (note  that  the 

exceptional  tw— set  may  depend  upon  the  choice  of 
(c^cj,^,^)  and  t) 
and 

(B)  V  T>03ct  >  0  3rT  €  ■_  s  Bsup  (M.  ($>)2  <  C-, || <|> || 

0<t<T  c  l 

V  4>  e  and 

(C)  V  $  6  $  :  i-8  an  L2— semimartingale. 

Then 


(a):  There  exists  a  <£'— valued  weak  L2— semimartingale 
M  =  <Mfc)t>0  such  that 

Mt[+1  -  Mt<$>  P-a.s.  V  <|»  e  $,  V  t>0. 


(b)t  If  :  $  e  1>;  t>0  satisfies  (L),  (C)  and 

(Bf)  3r  e  ■  V  T>0  3  C  >0  :  Esup  (M  (4»)2  <  c-8^11 
v  1  ^  * 


then  there  is  q  €  *Q  and  a  <E  valued  CADLAG  process 
M  *  (Mt)t>o  such  that 


MtI$]  *  Mt(^>>  V  t>0  (P-a.s.)  y  4  e 


(and  consequently  M  is  also  a  J'— valued  weak 
2 

L  —semimartingale). 


PROOF: 


(a):  Let  Tq  *  0r  Tn>Tn_i»  n>l  with  Tnfao.  By  (B),  for  each 

n  e  N,  there  is  r  6  ■  such  that 

n  o 


e  sup  | m  < ^ | 2  <  c  11 4> || ^  V^e$ 
0<t<Tn  An  rn 


For  each  n  6  M  choose  q„  such  that  the  canonical 
.r  n 

injection in  is  Hilbert— Schmidt .  Let  (if)  :  k  6  1)  be  a 


CONS 


ij 

in  (fig  consisting  of  elements  of  <£,  and  let 


{f£  :  k  e  ■)  be  the  CONS  in  <5  dual  to  {f”  :  n  6  N } 

qn  K 

(i.e.  1  *  V  n). 


By  (B)  and  Hilbert— Schmidtness  of  -C  we  have  for  each 

qn 

n  €  ■: 


E  sup 


00  00 

N  /m  /  \ 


— f  /  (*«,.<$£))*  <  )  E  sup  (M*.  (4>v>  > 2 

0<t<T„4  0<t<T„  k 


—  -  n 


>■#  "ttirTM 


)  H*J|2  <oo. 

n  k^l  n 


Hence  for  each  n  e  ■  there  is  A„  €  F  with  P(A„)  *  1  such 

n  n 

that 


sup  ^  (ML  ) ) 2  <  oo  V  *^e  A_. 

°^Tn  ft 


Put  G  ■  D  A_.  Then  P(G)  *  1  and 
n>l  n 


V  n  e  N  J  sup  \  <M.  (tf),*)  )2  <  ao  V  u/  6  G, 

0<t<Tn  £i 


V  t  e  io,Tni. 


Define 


m£<*) 


oo 

^  if  u/g  G 

k=l 


if  <v  £  G 


•  t  e  [o,Tni 


Then,  for  each  n  e  1  we  have 


mJ(w)  e  V  *,e  G,  V  t  e  lo,Tni. 


and  A  ^  ^  ->  M^(^)  is  a  <$  —valued  random  variable  for 


each  t  e  [0,T  I. 

n 


Define 


then  Mfc  is  a  <$'— valued  random  variable  for  every  t>0. 


Fix  t>0.  Then  there  is  n  6  H  such  that  t  6  (T  .  ,T  1.  But 

n —  l  n 

then 

Mtl4>J]  -  =  Mt(^>  P.a.s. 

for  each  k  €  H.  Hence  by  (L) 

Mtnfl  *  Mfc (l>>  P.a.s.  V  $  6  span (4>£  :  k  e  H> 

But  span  •  k  6  M}  is  dense  in  <5  and  (L)  and  (B) 

rn 

imply  that  extends  to  a  bounded  linear  operator  from 
<$r  into  u  ( A,F, P) .  Hence  it  follows  by  continuity  and 
the  fact  that  II  4>  -  $nIL  0  *>  ||4>  “$nllr  0  that 

Mt [ <J» ]  a  Mfc (<|>)  P— a.s.  V  $  6  Hi-.  >  in  particular 

V  *  e  $. 

If  t=>0,  then  a  similar  argument  gives 
M0M>]  *  Mq($)  P— a.s.  V  $  6  <£.  Hence 

Mt!4>l  -  Mt(4>)  P-a.s.  V  <►  6  $,  V  t>0, 

and  therefore  (C)  implies  that  M  »  *Mt*t>0  is  a  i'“valued 

2  ~ 
weak  L  -semimartingale.  This  concludes  the  proof  of  (a). 


(b):  Since  |  is  a  countably  Hilbert  nuclear  space  there  is 
pea  such  that  the  canonical  injection  4?  :  $p  $r  is 
Hilbert— Schmidt .  Let  q  *  min{p>r  :  is 

Hilbert— Schmidt) .  Let  :  k  6  I)  be  a  CONS  in  ^ 

consisting  of  elements  of  <f>  and  let  {f^  :  k  6  >}  be  the 
CONS  in  $_q  dual  to  {^  :  k  €  1} 

(i.e.  fkM>jl  -  6kj  V  k ,  j  6  ■). 

By  (B')  and  Hilbert— Schmidtness  of  we  have  for  each  T>0 

q 

CD  00 

E  SUp  7  (M.  («►•)) 2  <  V  E  SUp  (M.  <4»v)  ) 2 
0<t<T  fci  0<t<T  C  K 

00 

<  CT  ^  ®Wr  <  0D* 

k*l 

Hence,  for  each  t>0,  there  is  AT  6  F  with  P(AT>  *  1  such 
that 

oo 

sup  /  (M.  )2  <oo  V  ^6 

0<t<T 

Let  T  too  and  put  G.  «  /"]  A™  .  Then  P(G.  )  »  1  and 
n  1  n>l  Tn  1 

oo 

V  *  e  G.  s  sup  )  (M.  (U/)  («!>.)) 2  <00  v  T>0. 

0<t<T  ^  K 

By  (C)  for  each  k  e  ■  there  is  B.  e  F  with  PtB^.)  *  1  such 
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t  Mfc  (to)  <^k>  is  CADLAG  V  a,  €  Bk> 


Let  G  »  G. H  (  /l  B.  ).  Then  P(G)  *  1.  Define 
1  k>l  * 

oo 

,  ^  Mt(u^)  (<}>k)fk  if  G 

jfci 


Mt(  ) 


;t>0 


if  uo  £  G 


Then  M  (*»)  6  <5  V  i^6  G  V  T>0. 

*"  *3 

Fix  T>0  and  for  n  e  ■  put 
n 

r  ^  Mt(<t>k^,fk  if  <^e  G 

fJV)  -  J  klxl  ;  t  6  [  Of T] 

^  0  if  iv  &  G 

By  definition  of  G  the  mapping 

t  -»  is  CADLAG  on  [0,T)  wrt.  ||.||_q  for  every  use  A, 

i.e. 

fn(u/)  6  D([0,TJ,$_q)  V  u^e  -5. 

Moreover,  using  (Bf ) 

E  sup  j|  Mi  (u*)  -  < 

0<t<T  c  t  q 

00 

E  sup  )  < 

o<t<Tk£r+1 


00 

(—  “  "2  -  L.  ^Mr 

k«n+l  --  k-n+1 

oo 

•*  0  since  ^  <  oo. 


By  the  Riesz-Fisher  theorem  there  is  UT  6  F  with 

P (U_ )  *1  and  a  subsequence  f  such  that 
T  nk 


sup  II M  <  >  -  f  k<  )||i  - *  o  V  e  uT. 

0<t<T  t  q  k-»oo 


Since  fn(tv)  6  D([Q,Tl,(ji  )  V  n  6  H  V  ^  6  .0.  this  implies 
that 


mt(u/)  e  d([o,t]>®  )  V  UT. 


Now,  let  T  too  and  put  U  »  f~\  U„  .  Then  P(U)  *  1  and 

n>l  n 


t  ->  Mt(u.)  is  ii  .  II  -CADLAG  on  [0,OD>  V  u'GU. 


Thus  it  only  remains  to  show  that 


Mfc[4>]  -  Mt(4»  V  t>0  P-a.s.  V  <f>  €  $; 


Let  ^  €  J.  Then,  for  £  G  we  have,  for  a  fixed  t>0. 


Mt(,tf)I*k1  *  Mt(^k,u')  V  k  6  H 


so  by  (L)  we  get 


*  .  V  *-•  V  W  <  V  V  *  •  V  - 

.* .V.V.V.W  -V 


Mt[$]  -  Mt<$)  P.a.s.  V  $  6  span{4>k  s  k  6  8). 

By  (L)  and  (B)  $  ->  M^djJ)  is  a  continuous  linear  map  from 
$  into  l/(A,F,P).  Since  also  Mfc  is  continuous  on  $  and 
since  span(4>k  :  k  €  8}  is  dense  in  $  it  follows  that 

-  Mt(<|>)  P-a.s. 

But  t  ->  M^, [<j>]  is  CADLAG  P— a.s.  and  so  is  t  ^ 

Hence 

«  Mfc (<|>)  V  t>0  P-a.s., 

and  since  <}>  6  $  was  arbitrary  the  proof  is  complete. 


REMARK  7: 


Suppose  that  (Mn(^>)  :  $  6  ^n>l  are  ^arai1ies  real 
valued  valued  random  variables  each  satisfying  (L)  and  (C) 
of  theorem  III. 1.12.  and  each  satisfying  (B'),  but  with 
the  same  r  for  every  n  6  8.  Then,  since  for  each  n 
q  *  min{p  :  i  is  Hilbert— Schmidt  > ,  we  see  that  q  can  be 

Mr 

chosen  independently  of  n;  in  other  words  there  is  q  6  8Q 
such  that 


e  duo,t],®i  (P-a.s.)  Vnea  v  t  >  o. 


We  shall  now  give  an  example  which  shows  that  one  cannot 
always  expect  to  be  in  the  situation  discussed  by  Chari 
and  by  Kallianpur  &  Wolpert,  i.e.  we  shall  show  that  there 
exist  <£'—  valued  semi  mart  ingales  which  are  not  confined  to 
staying  in  some  for  all  t: 

EXAMPLE 

Let  H  be  a  real  separable  Hilbert  space  and  let  L  be  a 

positive  definite  selfadjoint  densely  defined  linear 

operator  on  H  and  suppose  that  there  is  some  r^>0  such 
-r. 

that  (I  +  L)  is  Hilbert— Schmidt .  Let  $  be  the 
countably  Hilbert  nuclear  space  generated  by  (I  +  L) ;  i.e. 

$  =  {(J>  6  H  :  !|  (I  +  L)r<|>||H  <  oo  V  r  6  R> 

and  for  r  €  R,  $r  =  II  •  II  r” completion  of  ([>,  where 

mt  -  II  (I  +  Mr4>llH;  Mi. 

Let  p  s  [Or oo )  [Or oo )  be  an  increasing  surjective 
function.  Then  the  mapping  (t,s)  <<l>'<l)>p(tAs)  *s  a 

covariance  function  for  every  4>  6  <j>.  For  each  <(>  6  $  let 
Mfc($)  be  a  real  Gaussian  process  with  mean  zero  and 
covariance 


EMt<*)Ms<4»  -  <*.4»p(tA3); 


()  Mt(ivM')£k  i£  At 
)  ifcl 


if  u>  0 


Then,  for  each  t,  Mfc  is  a  <§_r (tj” valued  Gaussian  random 
variable  with  mean  zero.  Since  a(J')  relativized  to  $ 
is  equal  to  8($_r>  for  all  r>0,  (Mt ) t>Q  is  a  <£'  —valued 
random  variable.  Moreover,  for  ^  6  $  and  t,s>0 

EMt[4>jMsl4>]  « 


w  w 

E(\_  Mt(*‘,  <  ♦.*$  >r(t)).<^  <  ♦  .*»  >r(a)) 

j*l  k-1 


CD  00 


L.  H  <+'*i  >r<t>  *  * 

j-1  k»l 


oo  ao 

\  \  sJL.  it 


)  <+'*j>r(t)  <*'*k>rU>  <*J**k>p(t..) 


(-  l— 

3-1  k»l 


Now,  r (t)>p(t)>p(t*s)  and 
r  (s)>p(8)>p(t/ss) ,  so 


oo  OP 

\  \ 


^'^rd)  ^j'^pttAS) 


<*'*>p(Us)'  l-e- 


*  TO  O.  •  *  *  *  •  V«/  *  •,  .  *  *  «  v  •  ,  V,  •%  •  .  *..  *  ,  ..  •_  «T-  O-  -\  1.  <*.  ».  *  . 


Hence,  for  6  1  and  t,s>0 

l/2(EMfc[4>  +  f]Msl4>  +  f]  -  EMtlf  ]Mg[<|>]EMttf  ]Mg[f  }) 


2<U<f>+  ^Hp(t^s)  ^llp(t/vs)  “  N^p<t*S> 


«M> 


p(tAS) 


Therefore, 


(28)  V  t1>t2>t3>t4  V  4>,f  6  j$: 

E(M.  [<|>]  -  M.  [  (J>] )  (M.  [f]  -  M.  If])  *  0. 

‘'I  C3  *"4 

Let  Ffc  s*  {Mg[f]  :  f  6  <$,  0<s<t} ViP-null  sets}, 


Since  EMt C 4»  1  =  0  V  t>0  f  6  (28)  implies  that 

<Mfc [<f>] ) t>Q  is  a  martingale  wrt.  ^t)t>0  for  every  f  6  $ 

Since  every  real— valued  martingale  has  a  CADLAG  version 
it  follows  that  M  =  <Mt)t>0  is  a  $' -valued  weak 
L^— semimartingale  (in  fact  martingale). 

Recall  that 


♦k  *  V#Mr<t)  V  *  e  a  V  t  >  o 


and  that 


fk  *  VH+k#-r(t)  v*e«  V  t  >  o. 

Moreover,  :  k  6  ■}  is  a  complete  orthogonal  system  in 

$r  for  every  r  e  ft  with  ||  4>k  H  r  *  (1  +  \^T t  where 
0  <  <•  ..<  Ak  t  00  as  k  *■»  od  are  the  eigenvalues  of  L. 

Fix  q  >  0.  Then  for  any  t  £  Os 


co 

l  S'  ii  2  _  V" 


B Mt II  — q  *  2_  <Mt^kI)2BfJliq  (P— a. s. ) 

k^l 

<M.  [^])^  .  _  .  _ 

■  I  i*£ip(t)i‘ki±« 

k-l  •♦k Bp(t) 


Y_  ?i  (i  ♦  xk>2(p(t)’q) 


where  y.  * 


itfu,. 


k  "  p  ( t ) 


Since  is  zero-mean  Gaussian  with 

-  <^,^>p(t)  -  4kj  l+Jlp.t, 


the  y^  s  are  IID  N(0,1).  But  \k  -»  oo  as  k  oo  and  p(t) 
qo  as  t  ->  oo  so  it  is  clearly  impossible  that  € 
$_q  (P-a.s.)  V  t  >  0. 


Our  final  objective  in  this  section  is  to  show  that 
nuclear  spaces  and  generators  of  the  type  considered  in 
[14]  and  chapter  II  satisfy  our  assumption  AS.l.: 

ulJuU* 

Let  H  be  a  real  separable  Hilbert  space.  Let  — L  be  a 
densely  defined  closed  selfadjoint  dissipative  linear 
operator  on  H  whose  resolvent  has  a  power  which  is 
Hilbert— Schmidt. 

Let  $  denote  1  ne  countably  Hilbert  nuclear  space  generated 
by  (I  +  L);  (see  Appendix);  let  denote  the  nuclear 
topology  of  <]>. 

Then  — L  maps  $  into  $  and  is  —continuous  and  generates  a 
strongly  continuous  semigroup  {Tfc  :  t>0)  on  H  satisfying 

(a)  Tt<$  c  §> 

(b)  *s  r'”continuous  on  $  V  t>0 

(c)  t  is  r— continuous  V  ® 


PROOF: 


Since  — L  is  a  dissipative  selfadjoint  closed  densely 
defined  linear  operator  on  H,  —  L  generates  a  contraction 
semigroup  {Tfc  :  t>0)  on  H  (see  e.g.  A.V.  Balakrishnan  [2] 
corollary*. 1). 

Moreover,  since  there  is  r^>0  such  that  (I  +  L)”rl  is 

Hilbert— Schmidt  on  H,  H  admits  a  CONS  {$..  :  j  6  *}  of 

eigenvectors  of  L;  L^j  *  ^ V  j  where  0<X^<  .  .  <Xn<  . 

and  \ - ¥  oo,  and,  by  definition, 

n-»ao 

CD 

J  -  (♦  e  H  :  (1  +  Xj >2r  <  oo  V  r  e  *>. 

fa. 

n 

Let  ^  e  and  ^ 

fa. 

n 

Then  $n  $  in  (<|,t )  and  -L$n  **  — X  j>H^j  • 

fa 

Let  re*.  Then,  for  all  ra>n 

m 

0  Y  * 

j-n+1 

)  X2<1  +  xj>2r<*»ij>2  < 

j»n+l 

m 

)  (1  +  Xi>2r+2<^^i>5 - »  0,  since  <j>  6 

•  i-!.  J  J  m,  n-*oo 


■r  / 


Hence  (-Lf  > - >  )  -X.:<$/$.s>ta 

n->oo  !—  -1  33 


in  the  topology  of  $.  But  — L  is  II  •  II h“ closed.  Since  || .  || 
is  continuous  on  ($#  )  we  get 


■L4>  =  \  ~Xj«t>/4>j>H4>j  and  hence  for  any  r  e  R 

5=i 

GO 

-M>ll2  38  X?<4>,4>j>*a  +  Xj)2r  V  4>  e  $ 


<  Y_  (1  +  xj)2r+2<<J>»*j>H 
j-i 


<  H  r+T 


Hence  —  c  $  and  — L  is  ZT— continuous  on 


oo 

j-1 


(converging  in 


Next,  with  ^  e  <j>,  4>  * 
ir  V  r) 

we  have  for  any  t>0: 


oo 

y  and  for  r  €  R  we  have 


2  _  V  -2\,t 


HTt*H  r  "  2_  e  j  +  XjX 


•  •  •  «  •  b  •  *  .*  v  •  *  a  -  *  •  •„*  ».*  ■  -  */  •  •  •  ■,  • .  *,  •  •  */  «,*  -  ■  ».•  »,• 


|4>||£,  proving  (a)  and 


j=l 

(b). 


Finally,  let  ^  e  $  and  s>0.  Then,  for  any  r  €  R, 

oo 

IV’Vllr  *  Y_  <e~V  -  e“xjs)2«|»,+j>2(i  +  \.)2r 

3=1 

oo 

<4  ^  <+*+j>£<l  +  \^)2r 
-  mu2  <  oo 

and  since  t  -»  e— is  continuous  V  j  6  1  the  DCT  gives 

lim  ||T A  -  T  <j»||2  *  0  V  r  €  R. 
t-»s  *  3  r 

!) 

111.2.  am  fflMBBSBHg 

Several  recent  articles,  including  [14]  and  [4],  have 
investigated  special  cases  of  weak  convergence  of 
solutions  to  <5#—  valued  linear  SDE's.  A  common 
characteristic  of  these  articles  has  been  that  the  authors 
were  concerned  with  situations  in  which  the  limiting 
process  was  driven  by  a  J' —valued  Wiener  process  (see 
cqapter  II  for  definition)  and  in  which  A  is  a  closed  and 


dissipative  operator  on  H.  In  addition  each  author  has 
operated  with  either  a  special  sequence  of  noises  ([14]; 
Poisson  generated  noise  converging  to  Wiener  noise)  or  a 
particular  nuclear  space  ([41;  $  *  In  either  case 

their  methods  were  designed  specifically  for  the  problem 
in  question  and  do  not  leave  ample  room  for  extensions. 
Here  we  shall  exploit  the  fact  that  our  method  of  solution 
in  section  III.l.  has  provided  an  explicit  formula  for  the 
solution  to  a  linear  <£'— valued  SDE  to  derive  a  general 
weak  convergence  result,  which  requires  neither  a  special 
sequence  of  noises  nor  a  special  structure  of  $  and  does 
not  restrict  attention  to  the  case  where  the  limiting 
process  is  driven  by  Wiener  noise.  Moreover,  we  shall  not 
assume  that  A  Is  dissipative. 

The  assumptions  appearing  in  our  result  (theorem  III. 2.1.) 
may  at  first  appear  rather  abstract  and  perhaps  difficult 
to  apply.  However,  as  we  shall  see  in  chapter  IV,  these 
assumptions  together  with  a  result  of  I.  Mitoma  [221 
translate  very  easily  into  explicit  conditions  when 
applied  to  concrete  examples.  One  of  the  recent 
applications  of  this  subject  has  been  in  neurophysiology, 
and  we  shall  see  in  chapter  IV  how  various  results  in  this 
field  as  well  as  new  results  may  be  derived  with  the  help 
of  theorem  III. 2.1.. 

Let  M«  <Mt>t>o  an<*  *  (Mt)t>0;  n  6  *  be  —  valued  weak 

2  T 

L  —  semimartingales  such  that  M  *Mt*t€[0  <p]  an<* 


M  * 


l*  (Mt)teCOrT]  satisfy 


as. 3.  v  t>o  3  at  e  p  with  p<aT)  -  i#  3  qT  e  bq: 

V  n  6  ■  s  Mn'T(u*)  e  D([0,T],$  )  and 

qT 

mt(u;)  e  duo,t],<E  )  y  «^e  at 

“qT  1 

and 

(29)  sup  E  sup  ||m"'T||*  <  ao. 

new  0<t<T  “qT 

REMARK  8 

By  proposition  III. 1.6.  and  remark  4  (page  101)  for  each 
T>0  and  n  6  M  there  is  q£  6  BQ  such  that 

Mn'T  e  D([0,T]f$  n)  P— a. s.  V  n  6  B 

qT 

AS. 3.  therefore  only  serves  the  purpose  of  securing  that 
the  same  qT  will  do  for  all  n  6  H. 

Let  I}n,  J}  be  $'  —valued  random  variables  satisfying 

(30)  3ri  6  *  !  SUP  max{Efl  nn|| 2  »E||n||^  )  <  oo. 

1  new  1  rl  1  rl 

Let  jn  ■  (y“)  respectively  jr*<j't)t>0  denote  the 


unique  solution  satisfying  (10)  to 


K  - A'  ?dt  +  ?o  =  nn 

respectively, 

d.Tt  -  A'itdt  +  "t*  To  “  n 


whose  existence  is  guaranteed  by  theorem  III. 1.5..  For 
each  T>0  let,  as  usual. 


(?t,te[0,T] 


f  *"  (Tt)+  ( 0,T  ]  * 


By  AS. 3.  there  is,  for  every  T>0,  qT  6  HQ  such  that,  with 
probability  one. 


MT,Mn,T  €  D([0,T],<j>  ),  V  n  6  H 

qT 

and  by  an  argument  very  similar  to  that  employed  in  the 
proof  of  theorem  III. 1.4.  it  may  be  seen  that  this  implies 
that  for  each  T>0  there  is  a  pT  6  HQ  such  that 

$rn'T  e  D([0,T],$  )  P-a.s.  v  n  e  N  and 

P<j 

e  D([0,TI,J  )  P-a.s. 


Recalling  that  the  operator  A  is  required  to  satisfy  AS.l. 
(page  58)  we  can  now  state  the  main  result: 


THEOREM  III. 2.1. 


Let  M  *  (Mt)t>0  and  M°  =  (Mt > t>0  satisfy  AS*3»  and  suppose 
that  J}n  and  satisfy  (30). 


Let  T>0  and  suppose  that 


Mn'T  =>  MT  on  D([0,T],<£  )  as  n  4  oo 

qT 


and  that 


P-(T}n)  1  ->  P«]^  1  as  n  -»  oo.  Then 


pn'T  *>  on  D([0,T],<|  )  as  n  ao. 

^  ""Pm 


—Before  proceeding  to  the  proof  we  need  some  lemmae; 


ULLii.  mm 

Let  T>0  and  let  VT  denote  the  set  of  all  real  valued 
functions  defined  on  [0,TJ.  Define  a  mapping  G: 

<$xD(  [  0,T]  »$_Q_)  ->  VT  (qT  is  given  from  AS.  3.)  by 
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G(<j>,F)  :®  v,  <j>  e  <]>,  F  e  D([0,T],(j[  )  where 

qT 

v(t)  =  *  F  [T.  A<b]ds;  t  6  [0,T].  Then 
o  s  t  — ■  s  T 

(A)  V  <j>  e  $  V  F  e  D([0,T],$  )  :  G(<|>,F)  6  C([0,T],R) 

*“qT 

(where  C([0,T],R)  is  the  space  of  all  continuous 
functions  f  :  [0,T]  R  equipped  with  the  usual  topology) 


(B)  V  4>  6  $  :  .  )  :  D([0,T]f$  )  ->  C([0,T]rR)  is 

qT 

continuous 


(O  v  f  e  d([o,t],$  )  y  te  [0,t]  s  G(.,F)(t)  e 

qT 

PROOF: 


Let  <J>  e  $  and  F  6  D(10,T],<|  ).  By  AS.l.  and 

qT 

CADLAG— property  of  F  wrt.  ||  .  ||  it  is  easily  seen  that 

qT 

s  -»  F  [T.  A$]  is  CADLAG  on  [0,t]  for  any  t  6  (0,T].  In 

particular,  this  mapping  is  integrable  over  [0,t]  for  any 
t  6  (0,T]  and  hence  G  is  well-defined. 


(A)  Let  <}>  e  $  and  F  6  D([0,T],<£  ).  Fix  u  6  [0,T].  We 

qT 

have  to  show  that  t  r  F  [T.  Ad>]  is  continuous  at  u: 

)o  s  t— s  T 

I  jo  VW*1  -  /o  psITu-sA«lldsl  - 
I  jo  “  <Ps1Tt-sA«’1  -  Ps1Tu-sA4’1>ds  + 


sgn(t-u)  Fg[Ttwu_sA4)]ds|  < 

|  /tAU 

'Jo  (VTt-sA*>  -  PsITu_sA+)dS|  + 

I  IS!  VTtvU-sR*l<Js|  < 

|o  ‘SFo.T1  l|F3«-qT,«Tt-sR*  -  Tu-sR*»,Tds  * 

It'S  (SUP  II  FS  II  -g  >llTtVU-SA<'l|q  dS 

s€tO,T]  S  qT  tWU  S  qT 

(letting  L  :=  sup  ||F  ||  _  ,  we  have  L  <  oo  by  CADLAG— 

se[0,T]  s  qT 

property  of  F  wrt.  ||  .  ||  _  and  thus) 

qT 

i  Jo  L  ho.t  u]‘s>»Tt-sA*  -  Tu-sA*»,Tds  + 

fju  L 

—The  first  term  tends  to  zero  as  t  u  by  the  DCT,  since 
for  s  €  [0,T] 

1[0,t  U] (s)  HTt-sA*  “  Tt-uA^HqT  0  by  AS>1*  (C)  and 

1  [ 0, t  s](s)NTt-sA*  “  VsA*»qT  ^ 

2  sup  {| T*._  A<j> ||  <  oo,  since 

0<s<t<T  *  3  qt 

(s,t)  ->  || T.  A$||  is  continuous  on 


Moreover,  convergence  of  Fn  to  F  in  D([Q,T],(j)  )  implies 


that  Ilf?  “  F  ||  „  tends  to  zero  at  any  continuity  point 

“  a  “9m 


of  F.  Since  the  set  of  discontinuities  of 


F  e  D( [ 0,T] )  has  Lebesque  measure  zero  and  since 


-  F3l|-qT,Tt-aA't‘llqTda  i 


(sup  II Tt_  A«t> |j  >f£  ||  F  -  pjl  ds, 

0<S<t<T  r  8  "t  8  8 


(31)  and  the  DCT  gives 


sup  |G(4>,F)(t)  —  G($,Fn)(t)| - >  0  proving  (B). 

t€[0,T]  n->CD 


(C)  Let  F  6  D( 1 0,T] ,(5  „  )  and  t  6  [0,T].  Then 

qT 


$  3  <|>  -»  G(<|»,F)  ( t)  *  FstTt_sA^>]ds 


is  obviously  linear.  Let  4>n  $  in  (<£,H  then  for  each 

s  6  10, T] 


FslTt-  gA^nl  FsCTt_  A^],  by  AS . 1 .  (b),  continuity  of  A 
on  $  and  the  fact  that  Fg  6  V  s  €  [0,TJ. 


Also,  4>  -*  IIt.^ii  is  continuous  on  <5  and  therefore 

^  3  'JfTI 


f(s)  !»  supIlT-  A(A  -4>)  |L  <00  V  S  6  [ 0,T ] , 

-am  1  ®  **  4m 


new 


and  since  s  ||T.  A($  — $)  ||  *s  continuous  for  each 


new,  f  is  a  lower— semi  continuous  function  of  s  €  tO,T] 
In  particular,  f  is  bounded  on  [0,T].  Hence 


lPs‘Tt-sA*„I  -  VTt-sA+)l  i 

e  La>UO,Tl>  dL1([0,tn  (recall  that 

s  ->  II  Pg  t( _ q  is  CADLAG  and  hence  bounded  on  compact 

intervals).  Therefore,  the  DOT  yields 

|G(<j>n,F)(t)  -  G(<j>,F)  ( t)  |  < 

So  lFstTt-s“+»)  -  Fs!Tt-sA*1  las  °’ 

'  n->ao 

concluding  the  proof. 


Let  Mn,T,  MT  be  as  in  theorem  III. 2.1..  Let  T>0,  and 

K  :  D(10,T],(£  )  C([0,T],R)  be  continuous.  Then 

**T 

P  (K(Mn'T))”1  *»>  P  (K(MT) )— ^. 
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PROOF: 


Both  D([0,T],<5  ^  )  and  C([0,T],R)  are  complete  metric 
qT 

n  T  —1  T  —1 

spaces ,  Po(M  *  )  »=>  P«{M  )  by  assumption,  and 

N-»00 


K  :  D(|0,T],J  )  -»  C([0,T],R)  is  continuous. 


Hence  the  conclusion  follows  from  (e.g.)  Billingsley  [3], 
theorem  5.1.  page  30. 


mg 


Following  I.  Mitoma  [22]  (page  997)  we  say  that  a  sequence 
(Pn>  of  probability  measures  on  D([0,T],<£')  is  uniformly 
k— continuous  if 


V  e  >  0  v  p  >  03  i  >  0  :  Pn{X  e  D<[0,T],<|'>  : 

sup  |X.  [4>}|  >  €>  _<  p  V  n>l  whenever  ||$||.  < 
te[0,T]  c  I  K 

Similarly,  we  say  that  a  sequence  (Xn)n>^  of 
D(  [  0,T] ,<Jf )  —valued  random  variables  is  uniformly 
k— continuous  if  PR  :*  P  (Xn)_1;  n  >  1  is  uniformly 
k— continuous. 

<D([0,T],J')  is  defined  by  Mitoma  [22]  and  contains 
D([0,T],$_q)  V  q  >  0). 


Mitoma  (22]  (theorem  4.1  and  remark  (R.l.))  has  proved  the 
following  result  which  we  restate  for  the  convenience  of 
the  reader: 


THEOREM  A  (MITOMA) 

Suppose  that  the  sample  paths  of  Yn,  n>l  are  in 
D( 1 0,T] and  that  (Yn)n>^  is  uniformly  k— continuous 
for  some  k>p.  Suppose  further  that  for  every  $  €  <£  the 
sequence  of  distributions  of  Yn[^]  is  tight  in  D([0,T),ft). 

Then  (Yn  :  n  >  1}  is  tight  on  D([0»T],$_  ). 

_  — p 

III. 2. 4.  LEMM*  ; 

Let  T  >  0,  p  >  0.  Let  #  denote  the  class  of  sets 

{{x  6  D([0,T],$_p  :  x[<j>]  e  A>  :  6  A  €  8  (D[  0,T  J  ,R) )  }  . 

Then  G(%)  -  8  (D(  0,T  ]  ,<£_p) ) . 

PROOF: 


Recall  that  the  metric  on  D(  l  0,T]  ,<£_p)  is  (see  e.g. 
appendix  in  [14])  given  by 


d(x,y>  -  inf  max  { sup  -  Y  ...  ||  , 


im(Mr  \)  > 


it-  « 


.  -  _  ■  -  .  - 
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where  A«p  denotes  the  set  of  all  strictly  increasing 
surjective  functions  [0,T]  -►  [0,T],  and  where  the  metric 
on  At  is  defined  by 

<L(\#p)  =  sup  |  log - 1. 

0<s<t<T  p(t)  —  y(s) 

Similarly,  (see  e.g.  Billingsley,  13] )  the  metric  on 
D([0,T],R)  is 


■  inf  max{sup  |f  \<t)  —  g  m (t)  |  \) } 

K  \/MeAT  0<t<T 

—It  is  sufficient  to  show  that 
V  y  €  DUO,  T],$_p)  V  6  >  0: 

(x  6  D(lO,T],$_p)  s  d(x,y)  <  6  j  €  6"  (  W). 


To  do  this,  we  first  show  that  for  any  x,y  6  D([0,T}<?  p) 
we  have: 

(32)  inf  d-(xl^],yl^])  *  d(x,y) 

<t>6Bc  K 


j 

r 

r 

f 

t 

4 

i 

I 


where  B  *  6  $  :  ||$||p  <  1>  and  $  is  a  countable  dense 
set  in  $p  such  that  J  $  (recall  that  is  separable), 
and  where  x [ 4> 3  denotes  the  function  h  6  D([0,T),R)  given 
by 


h(t)  -  xt[4>];  t  e  [  0,T  ] . 


Let  x,y  e  D([Q,T],$  _) 

P 


Then 


inf  ) 
<|>eBc  * 


inf  inf  max  { sup  ”  yu  ft  >  I  +  l  I  \> ) 

4>6BC  X,neAT  0<t<T  T 

inf  inf  max(sup  I  x\ ( t> 1  ( t  >  [^]  I  »ir(l*A> } 

X,peAT  4>eBc  o<t<T  1 


De£ine  Vi,1*1  =  s;“p<T  ixK(t)l+'  -  yM(t)'+'i- 


Baire's  theorem  implies  that  f  is  ||  *  II  p“ continuous. 
Moreover, 


f  v  (a<^)  =  |  a  |  f  v(4>)  V  a  6  R.  Hence 

K*  '  *  M  t  \ 


(33)  inf  f  V(<J>)  =  sup  f  v  ($),  so 
Aa nc  M/  X  Jicn  X 


inf-  dR(x[<J>],y[4>l)  = 

«t>eBc  K 

inf  inf  maxjf  v  (<}>)  ,<L ($) ) 
X,M6AT  4>6Bc  T 

inf  max  (inf  f  v ($) ,4T($) }  ! 

Xr6AT  <j>€Bc  T 

inf  max  (sup  f  x  (i)  ,&m(4>) }  1 


(by  (33)) 


inf  max  (sup  sup  -  yu  M>] 1  ,<L(p»X>  > 

X^eAp  4«b  o<t<T  T 

inf  max  { sup  sup  |x.  -  y„  ti. .  [$1  X)  >  » 

X#peAT  o<t<T  4>6b  r 

inf  max { sup  ||x.(  .  -  Yu  ,  II  _D,&-(p,X> >  - 

X,m€At  0<t<T  p  1 


d(x,y),  and  (32)  is  proved. 


Hence,  for  fixed  y  6  D([0,TJ,<5  >  and  6  >  0 

— p 


{x  e  D<[0,T],$_p)  J  d(x,y )  <  6) 


(x  e 

D([0,T],$  )  s 

inf 

P 

4>€B 

{x  e 

D([0,T],$)  : 

inf 

P 

4>€B 

t+€Bc 

,  (X  €  D([0,T],$ 

-P1 

c  R 


c  R 


Let  T  >  0  and  q  >  0.  Let  {Xn  :  N  €  H}  be  a  tight  sequence 

of  D([0,T],$  )—  valued  random  variables. 

P 

Let  X  be  a  D([0,T],<£  )— valued  random  variable.  Then 

Sr 


Xn  ™>  x  on  D([0,T],$  )  iff 

n->co  “p 


Xn[$]  »**>  XH>]  on  D([0,T],R)  V  <J>  €  <5. 


e  • 


PROOF: 


Necessity  follows  from  Billingsley  [31#  theorem  5.1.  since 
for  each  ^  e  the  map  :  D(  [  0,T]  ,<£_p)  ->  D([0,TJ,R) 
given  by  H^(x)  =  x[$]  is  continuous,  and  since  both 
D([0,T],$_p)  and  D([0,T],R)  are  complete  metric  spaces. 

Sufficiency:  Since  D([0,T],<$  )  is  a  complete  metric 

— p 

space,  tightness  of  {Xn  :  n  6  M}  implies  relative 
compactness  by  Prohorov's  theorem. 

Let  P  Y— *  be  any  limit  point  of  {P  (Xn)~^  :  n  6  B>.  Then 

nk  nk 

there  is  a  subsequence  (X  :  k  G  H}  such  that  X  ***>  Y. 

k-»oo 

Since,  for  each  4>  6  <£,  is  continuous,  this  implies  that 

nir 

X  K[<t>]  ===>  Yt<J>]  v  <t>  6  $. 
k->oo 

nlc 

But  by  assumption  X  l$]  ===>  X[$]  V  $  6  <£. 

k-»oo 

Hence  P°(Y[4>])_1  »  PotXl^])”1  V  <j>  6  $ 

i.e.  p(Yi<t»i  e  a)  =  P(xi4»]  e  A)  V  4>  e  $ 

V  A  e  fl(D[0,T],R). 

By  lemma  111.2.4.  this  implies  that 

P *Y— ^  *  P«X_1,  and  so  P»x“^  is  the  unique  limit  point  of 
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{Potx")”1  :  n  e  M}.  But  then,  since  (Po<xn)  1  :  n  6  ■>  is 
relatively  compact,  we  must  have 


Potx11)”1 


««>  p-x 

n-»oo 


(For  if  not,  then  there  is  a  subsequence  {n^  :  k  €  H}  and 

a  probability  measure  R  ^  P«>x"”^  on  D([0,T],$  )  such  that 

nv  _i  _i 

P*(X  )  =-->  R,  contradicting  uniqueness  of  P  X  as  a 

k-»oo 

limit  point). 


Let  T  >  0  and  p  >  0.  Let  Xn,X  be  D([0,T],$  )—  valued 

-  — p 

random  variables  such  that  {Xn  s  n  ^  1}  is  uniformly 
k— continuous  for  some  k  >  p.  Then 


Xn  =«>  X  on  D([0,T],<5  ) 


n->cD 


Xn[^>J  =**>  x[<t»]  on  D(  [  0,T]  ,R) 
n-»a> 


V  e 


PROOF: 


(a)»> (b) :  Since  D< [ 0,T] ,j$_p)  and  D([0,T],R)  are  complete 
metric  spaces  and  the  map 


D<[0,T],$_p)  3  X  -*  Xt4>]  €  D(  [  0,T]  ,R) 

is  continuous  for  every  4>  6  (a)  implies  (b)  by 

Billingsley  [3]  theorem  5.1. 

( b ? «>  ( a ) :  Since  Xn[^>J  =«>  X[^>]  for  every  ^  €  <£, 

n-»oo 

{Xn[<j>]  :  n  >  1>  is  tight  for  each  ^  6  |  and  thus  by 
uniform  k— continuity  and  the  quoted  theorem  of  Mitoma 
{Xn  :  n  >  1}  is  tight.  Hence  the  assumptions  of 
proposition  III. 2.5.  are  satisfied  and  the  conclusion  now 
follows  from  proposition  III. 2.5.. 


Now  we  can  prove  Theorem  III. 2.1.: 

PROOF  OF  THEOREM  III. 2.1.: 

By  corollary  III. 2.6.  we  must  show  that 

(i)  For  every  $  6  $  the  sequence  j-n,T[4>]  converges 
weakly  on  D([0,T],R)  to  J=T C <J> 3 

(ii)  3*  >  Pj  '•  V  6  >  0  V  p  >0  3  &  >  0 

P(sup  | r”rTt<f»J  1  >  6)  <  p  whenever  ||4>||u  < 

0< t<T  I  K 


(i): 


Let  4>  6  <£.  Then,  letting  y.  denote  the  function 


?'Tl4>J  =  T^nCT. 4»3  +  M?,Tl4»]  +  G(4>,Mn'T>  (. )  and 


*TC^>] 


+  G(4>,MT)(.), 


where  G  is  as  in  Lemma  III. 2. 2.  Let  (respectively  Q^) 
denote  the  measure  induced  on  C([0,T],R)  c.  D([0,T],R)  by 
T^nl T - 4> 3  (respectively  by  and  let 

(respectively  Q^)  denote  the  measure  induced  on 
D( [0,T J  ,R)  by  M?'T[^J  (respectively  by  M?[^>])  and  let  q” 
(respectively  Q^)  denote  the  measure  induced  on 
C([0,T],R)  by  G($,Mn,T)  (respectively  by  G(^>,MT))  (recall 
(A)  of  LEMMA  III. 2. 2. ) . 


By  Kallianpur  &  Wolpert  [14],  Corollary  3.1.  (page  142)  it 
is  sufficient  to  prove  that 

(iv)  q”  =>  Qi  as  n  ->  ao;  i  =  1,2,3. 


i  -  3:  By  lemma  III. 2. 2.  (A)  and  (B) 

G  ( 4>  r .  )  :  D([0,T],(|i  )  C([0,T],R)  is  continuous.  By 

"t 

AS. 3.  Mn,T,  MT  6  D([0,T],$  )  (P— a. s. ) .  Since 

**T 

Mn,T  *«>  MT  on  D([0,T],<£  )  by  assumption  Q?  -->  Q,  by 

n-»oo  qT  J  N-»oo 

Lemma  III. 2. 3.. 


i  ■  2:  Is  an  immediate  consequence  of  Billingsley  [3], 

theorem  5.1.  (page  30)  and  the  assumption  that 

Mn'T  »»>  MT  (the  mapping  K  s  D([0,T],$  )  D([0,T],R) 

n->oo  "t 

given  by 


K(FXt)  =  Ffc t<j>] ;  t  6  [0,T] 
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is  continuous  and  both  D(tO,Tl,<£  )  and  D([0,T],R)  are 

qT 

complete  metric  spaces). 


i  =  1;  This  follows  from  the  assumption  that  Dn  ===>  n 

n->ao 

and  Billingsley  [3],  theorem  5.1.  (page  30),  since  for 

each  <j>  6  J  the  mapping  H  :  <£_  ->  C([0,T],R)  defined  by 

rl 


H  ( ]") )  =  h  where 


(t)  =  r}[Tt<t>i;  e 


is  continuous  \nd  both  $  and  C([0,T],R)  are  complete 

~rl 

metric  spaces. 


This  concludes  the  proof  of  (i). 


( ii ) :  Since 

*  rjntTt«t>l  +  £  M^T[Tt_sA4,ias  + 
we  get  (using  Schwartz  inequality) 

|^'T[<|>]|2  <  3  |  J^nlTt4»l  |  2  +  3t  j*  I  Mg ,T  I  Tt_gA^>'|  2ds 
+  3  iMj,Tt<t>]  |  2 


<  3|nn[T  4>]|2  +  3t2  sup  |M^/T[T  A<|)1|2  +  3|M^T[<j>]| 

1  0<s<t  sts  t 


Thus 


E  sup  |?J,Tl4>]|  <  3(E  sup  |  nnCT-4>]  |  2  + 
0<t<T  u  0<t<T  v  * 


T2E  sup  sup  |m2'T[T.  _  A4>]  |  2  +  E  (  sup  |m"'a[<}>] \z)  ) 
0<t<T  0<s<t  s  0<t<T 


in»^rli  I  2 , 


<  3((sup  ||T  <j>||2  )E|nn||2  4-  T2  ( sup  ||T  A4>1|2  > 

0<t<T  rl  1  rl  0<s<t<T  C  S  qT 


E  sup  II m£'t || 2  +  E  sup  l|Mj'xHi  HIIq  ) 

0<t<T  qT  0<t<T  qT  qT 


«n»  T  II  2 


By  assumption  (30)  E||r}n||_r  <  C1  V  n>l  for  some 

Cl  6  [  0, oo )  and  by  (29)  of  AS. 3. 


E  sup  ||m”'T|]2  <  K  <  oo  V  n>l 

A  y  t  n m  ' 


0<t<T 


for  some  K>0.  Hence 


E(sup  l5j'Ti  +  ]|2)  <  3(C,  sup  II T  4.  II 2  + 

t€[ 0 , T]  t  1  0<t<T  t  rl 


KT  sup  l|Tt_  A4>||2  +  K  ||  |{  2  ) 

0<s<t<T  c  s  qT  qT 


<  3(CX  sup  ||  T  <j»||2  +  KT2  sup  ||  T  A<|>  ||  ^  +  K  ||  <|>||  *  ) 

A  ♦-  yrn  *•*  ^  i  n  y  t  Mm  Qm 


0<t<T 


0<t<T 


Let  g,($>>  :*  sup  || T .  4> II  ?  and 

0<t<T  ^  rl 


g,(<|>)  ;*  sup  ||  T  A4>  ||  ^  ;  $  6  $ 

0<t<T  C  qT 


Since  t  ->  j| TfcA^> ||  r  is  continuous  on  <[>  for  any  r  >  0,  g^, 
i  -  1,2  is  a  lower  semicontinuous  convex  function  of  6  $ 
satisfying  g^(a^)  =  |a|  g^(4>)  V  a  6  R.  Hence  Baire's 
theorem  (c.f.  proof  of  theorem  III. 1.4.  page  )  yields  the 
existence  of  constants  C2  and  and  r2 ' r 3  6  **o  suc**  that 

<4>>  <  ci+i  II  4» II  J  *  i  =  1.2. 

1  1  A  ri+l 

Let  k=r2  ^  r^  g^v  pT*  Then 

E  sup  |  |?'T[<}>]|2  <  3(C..C0  +  T2KC-  +  K )  ||  4>  ||  ?  y  n>l, 
0<t<T  c  L  i  3  k 

and  thus  by  Chebyshev’s  inequality 

P ( sup  !??'T[<j>J  |  >  6)  < 

°<t<T 

6-23(C1C2  +  T2KC3  +  K)||<|>||2  V  n>l 

and  therefore  choosing  0<  i2  <  62  (3(0^2  +  T2KC3  +  K)— 
we  see  that  £  '  is  uniformly  k— continuous .  Since  k  >  p,p, 
this  completes  the  proof. 

REMARK  9; 

Mitoma’s  result  (theorem  A)  remains  true  if  the  spaces 
D(  [ 0,T]  and  D([0,T],R)  are  replaced  by, 

respectively,  C(10,T],<£  )  and  C([0,T],R);  see  Mitoma 


[22]  (Proposition  4.1  and  Remark  R.I.).  It  may  then  be 
seen  that  our  theorem  III. 2.1.  also  remains  valid  if  the 


spaces  D([0,T],<5 _ )  and  D([0,T],B)  are  replaced  by, 

— p 

respectively,  C(  [  0,T]  ,<£_p)  and  C([0,T),R). 

Since  the  basic  ideas  of  the  proof  are  unchanged  by  this 
substitution  we  omit  the  details. 

—In  order  that  theorem  III. 2.1.  be  applicable  we  need  to 

be  able  to  check  whether  Mn#T  ==>  MT  on  D([Q,T],$  ). 

n-»oo  qT 

Corollary  III. 2.6  transforms  this  problem  into  a  problem 
of  checking  weak  convergence  on  D([0,T],R)  to  which  the 
classical  results  appearing,  for  example,  in 
Billingsley’s  book  [3]  are  applicable. 

-Another  often  useful  criterion  for  weak  convergence  on 
D( [ 0,T] ,<£_p)  is  the  foolowing  result  by  Mitoma  ([22], 
theorem  5.3.2.  and  remark  R.l): 

Suppose  that  the  sample  paths  of  Yn,  n  >  1  are  in 

D([0,T],$_p)  and  that  (Yn)n>^  is  uniformly  k— continuous 

for  some  k  >  p.  Suppose  further  that  for  every  6  $  the 

sequence  of  distributions  of  Yn[$]  is  tight  in  D([0,T],K) 

and  for  any  finite  number  of  elements  6  $  and 

points  t^,...tm  e  [ 0,T ]  the  distribution  of 

(y£  [$],...y£  [$m])  converges  in  law  as  n  ->  ao  to  some 
1  m 

m-dimensional  probability  distribution.  Then  there  exists 


CHAPTER  IV 


APPLICATIONS  TO  NEUROPHYSIOLOGICAL  PROBLEMS 


In  this  chapter  we  shall  propose  a  new  approach  to 
modelling  neuronal  behaviour  by  means  of  valued  SDE's. 
We  shall  then  employ  the  results  of  chapter  III  to  giving 
three  particular  weak  convergence  results  which  are  of 
interest  for  neuronal  models. 


Finally,  we  illustrate  the  application  of  our  approach  and 
results  by  giving  a  rigorous  treatment  and  investigation 
of  a  model  heuristically  formulated  and  investigated  by 
Wan  and  Tuckwell  in  [30].  But  first  we  shall  briefly 
describe  the  neurophysiological  context.  For  a  more 
detailed  account  hereof,  we  refer  to  [14]  and  the 
references  therein.  In  our  description  we  shall  follow  the 
introduction  in  [14]. 


•ji  v  v  V  */  V  V  V 


«  •  •  -  .  -  »  *  «  *  ,•  /  ^  v,,  vj  r.v*-,  r.  w,  «  «.  -  • 
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A  neuron  is  a  cell  whose  principal  function  is  to  transmit 
information  along  its  considerable  length,  which  often 
exceeds  one  meter.  "Information"  is  represented  by 
changing  amplitudes  of  electrical  voltage  potentials 
across  the  cell  wall.  A  quiescent  neuron  will  exhibit  a 
resting  potential  of  about  60  mV,  the  inside  more  negative 
than  the  outside.  Under  certain  circumstances  the  voltage 
potential  in  the  neuron  dendrite  will  rise  above  a 
threshold  point  at  wMch  positive  feedback  causes  a  pulse 
of  up  to  100  mV  to  appear  at  the  base  of  the  dendrite; 
this  pulse  is  transmitted  rapidly  along  the  body  and  down 
the  axon  of  the  cell  until  it  reaches  the  so-called 
"pre— synaptic  terminals"  at  the  other  end  of  the  neuron. 
Here  the  pul'  i  causes  tiny  vesicles  filled  with  chemicals 
called  "neurotransmitters"  to  empty  into  the  narrow  gaps 
between  the  presynaptic  terminals  and  the  dentrites  of 
other  neurons.  When  these  chemicals  diffuse  across  the  gap 
and  hit  the  neighboring  neurons'  dendrites,  they  may  cause 
the  voltage  potential  in  these  dentrites  to  rise  above  a 
threshold  point  and  initiate  another  pulse. 

Let  5<t,x)  represent  the  difference  between  the  voltage 
potential  at  time  t  at  the  location  x  6  X  (=  surface  of 
the  neuron)  and  the  resting  potential  of  about  —60  mV. 

As  time  passes,  ^  evolves  due  to  two  separate  causes: 

(i)  Diffusion  and  leaks:  Depending  on  the  nature  of  X, 

the  electrical  properties  of  the  cell  wall  may  be 
approximated  by  postulating  a  contraction  semigroup  {T^> 


on  L^(X,"P)  where  T  is  a  suitable  S’— finite  measure  on  X. 
For  example,  if  X  =  [0,b],  core  conductor  theory  suggest 
the  semigroup  corresponding  to  the  diffusion  equation 


—  *  — flF.  +  (6,i  >  0) 

<)t  J 


with  Neumann  (or  insulating)  boundary  conditions  at  both 
ends.  In  neural  material  like  heart  muscle  in  which 
electrical  signals  can  travel  more  easily  in  some 
directions  than  in  others,  the  Laplacian  should  be 
replaced  by  a  more  general  second— order  elliptic  operator. 


(ii)  Random  fluctuations:  Every  now  and  then  a  burst 

of  neurotransmitter  will  hit  some  place  or  another  on  the 
membrane  and  suddenly  the  membrane  potential  will  jump  up 
or  down  by  a  random  amount  at  a  random  time  and  location. 
It  is  believed  that  these  random  jumps  are  quite  small  and 
quite  frequent,  making  it  reasonable  to  hope  that  they  can 
be  modelled  by  a  Gaussian  noise  process;  in  any  case  the 
arrivals  at  distant  locations  or  in  disjoint  time 
intervals  are  believed  to  be  aproximately  independent, 
justifying  their  modelling  as  a  mixture  of  Poisson 
processes  or  as  a  generalised  Poisson  process. 

Because  of  the  problem  mentioned  in  chapter  I  that 
stochastic  partial  differential  equations  may  not  have  a 
solution  except  in  the  form  of  a  generalized  process,  we 
shall  model  the  voltage  potential  F  as  a  valued 
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process,  where  $  is  a  countably  Hilbert  nuclear  space. 

In  [14]  Kallianpur  and  Holpert  used  a  Poisson  process 
N ( AxBx (0, t ] )  to  represent  the  number  of  voltage  pulses  of 
size  a  £  A  arriving  at  sites  x  6  B  a  X  (m  surface  of  the 
neuron)  at  times  prior  to  t. 

Here,  we  adopt  the  point  of  view  that,  in  practice,  one 
can  only  "average"  over  the  sites.  Therefore  it  seems  more 
realistic  to  assume  that  the  arrival  sites  are  given  by 
"generalized  functions"  (distributions)  ]^  6  A  » 
rather  than  by  points  x  on  the  surface  of  the  neuron 
membrane  X  •  As  we  shall  see,  this  approach  will  also 
offer  the  advantage  of  enlarging  the  class  of  possible 
models. 

To  pursue  this  idea  let  us  again  consider  a  real  rigged 
Hilbert  space  <£<-; >  H  <-$,<£' .  Let  &($')  denote  the  Borel 
c— field  on  (£'  and  recall  that  8  (<$' )  is  the  same  whether 
we  use  the  weakly  or  the  strongly  open  sets  in  to 
define  it. 


Let  A  6  B(<£' )  and  let,  for  each  n  6  H,  be  a  finite 
positive  measure  on  (RxA» 8 <R)x8 ( A)  >  satisfying: 

The  mapping:  Qn  :  $x$  R  defined  by 

Qn<M>  -  jRxA  a2I}[<|>]J}[$]Mn<dadl}  )  is  continuous  on  $x<|>. 


Let  N  be  a  Poisson  random  measure  on 
(RxAx[0,oo)  ;fi(*)x8(A)x8(tO,oo) )  with  intensity  measure 
pn(dadl})dt  (a  £  R,  I]  e  A»  t  e  10, ao))  (such  a  random 
measure  exists,  see  e.g.  Ikeda  and  Watanabe  [9),  page  42). 

Let  Nn(dadl}ds)  -  Nn(dadl}ds)  -  pn(dadr))ds 

and  put 

it<*>  -  LA*[o,tia»?l+liin<tadr?a'i>’  *e5- 

Let  ran  6  <$',  and  define 

xj(4>)  -  tmn[4>]  +  y£($);  4»  e  $. 

Then,  for  each  $  6  x£($)  is  a  real  CADLAG 

semimartingale  satisfying 

E(X”(4>) ) 2  *  t2mnl<j>]2  +  tQn<<|>,4*) . 

Since  Qn  is  continuous  on  $x$,  the  Kernel  theorem  for 
nuclear  spaces  (see  Gelfand  &  Vilenkin  [6],  page  74) 
yields  the  existence  of  r(n)  e  H  and  C(n)  >  0  such  that 

mni<|>)2  +  Qn(<}>,<j>)  <  c(n)H<M|2(n),  V  4>  e 

We  shall  henceforth  assume  that  the  same  r  and  C  will  do 
for  all  n  e  ■,  i.e.  we  suppose  that  there  exists  r2  e  H, 
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C  >  0  such  that 

(1)  mn [ $ ] 2  +  Qn(4>,<t»)  <  C||4>||2  V  n€  H  V  <j>  6  $. 

r2 

Then,  for  any  T  >  0/ 

Esup  <X?(<i>>)2  <  2C(4T  +  2T2)|j<|>||2  V  n  €  H  V  <M  $ 
o<t<T  c  r2 

and  therefore  Theorem  III. 1.12  and  Remark  7  yields  the 
existence  of  q  6  H,  q  >  (independent  of  n)  and  a 

valued  CADLAG  regularization  x”  of  (x"(4>)  :  4>  6  $>. 

As  usual,  let  x£'T  :=  <x£> t€[ 0rT]  »*  T  >  °* 

Let  m  6  <[)'  and  let  Q  :  i$x<|  ->  R  be  a  continuous  bilinear 
symmetric  factional  satisfying 

(2)  m[<t>]2  +  Q(4>,<}>)  <  C||<|>||2  • 

r2 

A  ({['—valued  Wiener  process  W  =  <wt>t>g  with  parameters  m 

and  Q  is  now  defined  precisely  as  in  chapter  II  (see  page 

7)  and  Theorem  II.  1.1.  (existence  of  (£'  — valued  Wiener 

processess)  remains  true  for  the  more  general  <$  considered 

here  (with  the  understanding  that  the  q  in  Theorem  II. 1.1. 

•  r2  . 

must  now  be  replaced  by  q^  ■  min{r  :  1  is 
Hilbert-Schmidt > ) .  Henceforth  W  *  (Wfc ) t>g  shall  denote  a 
<{['— valued  Wiener  process  with  parameters  m  and  Q. 


S.' v 


Xn,i  6  D<[0,T],$_q)  P— a.  s.  V  n  e  1 
WT  6  C( [ 0 ,T  ] ,$__q)  P-a.s.  V  T  >  0. 


V  T  >  0  and 


Let  p”  denote  the  measure  induced  on  D([0,T],$_q)  by  X 
and  let  PT  denote  the  measure  induced  on 
C([0,T],<|_q)  D([0fT],$_q)  by  WT. 


IV. 1.1.  THEOREM: 


Suppose  thatr  in  addition  to  assumption  (1), 


Qn  («|>r4>) - »  Q(<j>r<j>)  V  M  |. 

n-»co 


iim  {RxAlaU?l4>]>  |V(dadI})  «  0  V  4>  6  $. 


mn[<}>] - >  m[4>]  V  <(>  €  J. 

n->CD 


Then,  for  any  T  >  0,  we  have 


P"  »*>  P_. 

n-»oo 


PROOF: 


Fix  T  >  0.  Let  <  t2  <  ...  <  tR  6  [ 0,T  1  and 
$2* 6  $  for  K  e  ■  fixed. 


We  must  show  that 


(i) 


<x?kIV> 

‘VV 


K 
k=l 
K 

k=l 


converges  in  distribution  to 


(ii)  {Pj  :  n  6  H>  is  tight  on  D( [ 0,T] ,$_q)  . 

(i ) :  The  log  characteristic  function  of 

is! 

K 

C(ai- •••»*)  ”  [‘  I  Vk""1**1  + 

k=l 

jo  )rxA  (eiaT?IF(s)1  -  1  -  iar^[F(s)])pin(dad^)ds 

K 

where  F(s)  :  =  )  V[0,t.]  (s)*k' 

k=l  * 

while  that  of  (Wfc  is 

Jc 

JC_ 

C(a^, . . .  aR)  =  £i  ^  tkakm^k^  ~ 

k=l 


-  p  Q(F(s),F<s))ds"l .  Hence 


)  i  2^  tkaJc(mn[^k1  “  >  + 

k=l 

oo  1 

jo  {_  jaxA  z_  (ia^tF(s)1  ,P^n(dad^> - <Qn(F(s),F(s)) 

P^3  2 


Q (F (s) ,F (s) ) )  ds I  < 


2_  tkak(n,ni^k1  ~  m^kl>  I  + 

k=l 


CD 

jo  ^IxA  •  Z  ^a^lFCs)]  >p|nn(dadr})ds  + 

P=3 

io  ~lQn^F ( s ) # F (s ) )  -  Q(F(s),F(s)) |ds 


-  )_  fcklakl I I  + 

k=L 


jo  jRxA|aJ][F(s)]|3Mn(dad]^)ds  + 

— -|Qn(F  (s)  /F(s) )  -  Q(F (s) ,F (s) )  |ds 


the  first  term  tends  to  zero  by  (5).  As  for  the  second 
term,  use  (4)  to  obtain 


(6) 


[rxA  |aJ}[F<s)]|  V<dadJ})  =  0 


V  s  e  [o,tj. 


Now,  by  definition  of  F(s) 

_K_ 

|aJ}[F(s>]|  <  ^  |a||ak||^ntFk]|  V  s  6  [0,T]. 
k=l 

Define  a£  :=  ak  sign  (akJ^t$k]  >  •  Then 

_K_  _K_ 

>  |a||ak||IJ[*ltl|  -  |a|  a*l}l*k) 
k=l  k=l 

-  z_  «X>  i 


_K_ 

(7)  |aT}[F(s)]|  <  |alj[  ^  a*$k]|  V  s  6  10, T] 

k=l 

JC_ 

But  ^  ak^k  6  $, 
k=l 


so  an  application  of  (4)  gives 


lim 

n-»QD 


_K_ 

akV  lV<da<arj)  =  o 

k=l 


■  «  "W  V  * 
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Further, 

Qn (F (s) ,F (s) ) - >  Q(F(s),F(s)) 

n->a> 

for  each  s  6  [0,T]  by  (3)  and  since  Q  and  Qn  satisfy  (1) 
we  have 

|Qn(F  (s)  ,F  (s) )  -  Q(F(s),F(s)  )  |  <  2C||F(s)  ||  ?  . 

r2 

Moreover,  || F ( s >  ||  ^  ds  <  oo  so  the  DCT  gives 

r2 

(o  |Qn(F(s) ,F(s) )  -  Q (F ( s ) , F ( s ) )  | ds - »  0 

'  n-»oo 

concluding  the  proof  of  (i). 

(ii)  By  Mitoma,  [22],  theorem  4.1  and  remark  Rl,'  (see 
Theorem  A,  chapter  III  page  J3C)  it  is  sufficient  to  show 


(a)  v  4>  e  $  :  {Xn'T[<}>]  s  n  6  H>  is  tight  on  D([0,T],B) 

and 

(b)  ]  1  :  V  6  >  0  V  p  >  0  3  £  >  0  : 

||<j>||v  <  £  =>  P  ( sup  |X?[<|>)|  >  G)  <  p  V  n  6  ■ 
o<t<T  z  1 

For  part  (a),  by  Billingsley  [3]  theorem  15.3  page  125,  it 
is  sufficient  to  show  that  V  «j>  6  $s 


(ai)  V  17  >  0  3  a  >  0  : 

P ( sup  |  xj?[<|>]|  >  a)  <  r)  V  n€H 
0<t<T  1 

(aii )  Ve>0,  I)  >  03  ie  (0,T)  3  no  e  M: 

P { sup  min{|xjt<}>]  -  X?  14>]|,|X?  -  X^[<|> J  |  >  >  6)  <  1] 

tl<t<t2  €  C1  Z2  z  1 

V  n  >nc 


and 


|x”[<|>3  -  X”[<|>]  |  >  6)  <  1}  V  n  >  nQ 


P(sup 


J*  o  J, 


P(sup  ,  |x2l4>l  “  X?14>1|  >  6)  <  n  v  n  >  n 

s,t€[T-6,T)  8  c  v 

Fix  $  e  $,  and  let  I|  >  0,  e  >  0.  Then, 


P ( sup  |xjH>]|  >  a)  <  -5  E ( sup  |xj[4>]|) 
t€tO,T]  z  a4  t€[0,T] 


<  -x  E ( sup  (t2mnH>]2  +  y”i4>]2)  ) 
a 4  t€[0,T] 


<  (T2mn[$J2  +  4TQn(4>,<|»)) 


<  — =-(T2  +  4T)  C||4>||;  V  n  6  ■  (by  1) 

r2 


<  r)  for  a2  >  — (T2  +  4T ) C  ft  $ || 2 

(  I]  r2 

Next,  let  D:*{t>0:  t^  <  t  <  t2  and  t2-tl  —  Then 


P { sup  min{|x!?[<|>]  -  x”  [<|>]|,|x"  [<|>]  -  x"[<{>]|>  >  6  } 

teo  ^  ^l  c2  t 

<  e"2  E  {  sup  min<|x”[4>]  -  X?  (<{>]|,(X?  {$]  -  x”t<f>I  | )  >: 
t€D  C  Zl  Z2 


<  6  2  E{  sup  min{  |xf?[$]  -  x"  [<|>]|2,|xJ  [<|>]  -  x”  [  <(>  ]  |  ^ ) 
t€D  Z  Z1  Z2  z 


rUfii  I  2  , 


<  6  2  min  (Esup  |xj  .  [^>]|2,Esup  |x!?  t  «|>1  | 2 ) 
t€D  1  t€D  C1 


<  —xtnin{sup  ((t  -  t,)2mn[4>]2)  +  Esup  |yJ?  t  C  <j>  J  | 2, 

e4  teo  t€D  i 


•  •».  ••  v  v  v  v  v 


ISbrhSqSSSSSS« 


v 


sup  <<t,  -  t)  m  14>]  )  +  Esup  |Y“ 
teD  tSD  Z2  Z 


-5(^2mnt«j>]2  +  4^Qn<4»,4>) ) 


<  -x(i2  +  4i)C|J(j)||2  V  n  >  1  (by  <1>) 

ez  r2 

2 

<  I)  v  n  e  I  if  (i2  +  4i)  <  t“o— cfl<HI?  >~1- 

r2 


Further, 


p ( sup  |x"[<j»j  -  x”[^>]  |  >  e> 

s,te[o,6)  8  11 


<  ~xE(sup  |X^14»]  -  X?t<j>])2 

r  a  O  C 


e*  s,te[o, 


1  2 

<  “22(i2mn[<J>]2  +  4^Qn  (<}>,<)>) )  <  -^(£2  +  4(^»)C  1 4>||  2 

C*"  a*  t  . 


V  n  >  1 


<  I)  V  n  8  B  if  i2  +  4i  <  ( - rCBill2 

1  “  r(e2  r2 


2  r1. 


Similarly, 


P ( sup  |X^[<j>]  -  xf|l (j>]  |  >  6) 

s,te[T-<b,T]  8  c 

<  2e_2(i2mn[4>}2  +  4<^Qn (<|>, 4») )  <  26_2(£2  + 


V  n  >  1 


<  J}  V  n  e  m  if  k2  +  4^  <  (-5— c||*||2  ) 


2  .-1 


1.  This  proves  (a). 


Hence  (ai)  and  (aii)  are  satisfied  for 
k2  +  4<S  <  <2J}~1e_2C||4>||^)“}  and  nQ  * 


(b):  Fix  4>  6  $  and  let  G,  >  0. 


Then  P(sup  |x|?[4>]|  >  6) 
t€[0,T] 

<  6~2E(sup  |x”t4>i  |  )2 

t6[0,T]  * 

<  6~22(T2mn[<J>]2  +  4TQn(<{>,4>) ) 

<  6"22<T2  +  4T )  C  ||  $  H  r  <  e"22(T2  +  4T)C|4>||2  (by  (1)) 

r2  ~  q 

ne2 

<  n  v  n  >  i  if  mu2  <i2 - ^ - . 

'  q  2(TZ+4T)C 


This  completes  the  proof  of  theorem  IV. 1.1. 

I 


mm* 

Note  that  conditions  (3)#  (4)  and  (5)  were  not  used  in  the 
tightness  part  of  the  proof.  Hence  we  have 

IV* 2-  PROPOSITION; 

Let  Qn,mn  satisfy  (1).  Then,  for  every  T>  0,  the  family 
(Pj  :  n  6  ■>  is  tight  on  D( 1 0,T] ,$_q) . 


Let  A  :  f  4  |  be  a  linear  and  continuous ,  and  suppose 
that  A  and  {Tfc  s  t  ^  0}  satisfy  assumption  AS.l.  in 
section  III.  For  each  n  €  M  let  =  <j[J)t>0  denote  the 
unique  solution  to 

ds?  *  A'??dt  +  K 

?o*?n 

and  let  t )  t>Q  denote  the  unique  solution  to 

dJ?t  =  A' ^tdt  +  dWt 
>)<,  - 

IV.1.3.  THEOREM 

Suppose  that,  in  addition  to  (1), 

(8)  Qn(<|>,<j>) - >  Q ( 4> r <f> )  V  <M  $ 

n->oo 

(9)  lim  jRxA|a(]^[4»]|3Mn(dadr))  =  0 

(10)  3  r  6  »:  sup  max{E||  ]^°||^r,E||  Jn||^2>  <  oo  and 

Jn  =>  J}°  on  <£_r  as  n  4  oo. 

mnl^] - >  m[$]  V  $  6  <jj. 

n-*oo 


(11) 


Then,  for  any  T  >  0  jPT  6  ■: 


Tn'T  — >  nT  on  D([0,T],5  ) 

n-»oo  '  PT 

where  £  '  *  ^t^teiO^T]  and 

T 

*1  "  ^tUeio.Ti. 

PROOF: 

(1),  (8),  (9)  and  (10)  imply  that  Xn'T  —»>  WT  on 

n-»ao 

D( 1 0,T] g)  V  T  >  0  by  theorem  IV. 1.1..  Moreover,  (1) 
implies  condition  (29)  of  AS. 3  in  chapter  III  while  (10) 
supplies  the  remaining  assumption  of  theorem  III. 2.1., 
from  which  the  conclusion  is  therefore  obtained. 

! 

Next,  we  shall  give  conditions  under  which  the  processes 

Xn'T  will  converge  weakly  on  D( l 0,T] ,$_g)  to  a  process  XT 

constructed  from  a  Poisson  random  measure  N  on  RxAx[0,oo) 

in  the  same  way  as  Xn  was  constructed  from  Nn.  We  shall 

then  invoke  theorem  III. 2.1.  to  give  sufficient  conditions 

for  the  weak  convergence  of  jn,T  on  D(tO,T],$  )  to  the 

PT 

solution  to  the  SDE  driven  by  X. 

Let  m  e  and  let  \x  be  a  6—  finite  measure  on 
(*xA»#(RxB(A) )  satisfying 


V  4>  e  $ 


(lla)  ml$]2  +  B(<|>,<|0  <  C || 4» || ? 

r2 

(llb)  IrxA  “  1  -  ia  [^]  |u  (dad  )  <  od 

where 


B<4», 4>)  :*  jRx/v  a2I^[4>]2n(dad^);  V  4>  6  $. 

Let  N  be  a  Poisson  random  measure  on 

(*xAx[0,oo) , 6(RxS(A)xfl([0,a>) ) )  with  intensity  measure 
p  (dadj^  )dt  (a  e  R,  J]  e  A/  t  >  0). 


Define 

Yt(<^>)  88  Jrx  Ax[0,T)  aj}[$]  (N(dadl^ds)  -  p(dadl})ds); 
t>  0;  <j>  €  $, 

and  Xfc (<f>)  =  tm[<|>]  +  Yt(<{>). 

Since  the  r2  required  in  (11a)  is  the  same  as  that  of  (1) 
theorem  III. 1.12  (b)  implies  the  existence  of  a  $ 

— q 

valued  regularization  X  *  <xt,t>0  of  ^xti^)  !  4>  6  $*•  For 
each  T  >  0  let  RT  denote  the  measure  induced  on 
D(I0,T),5_q)  by  XT  .  (Xt)te[0fT). 


Then  we  have: 


Let  mn  and  pR  satisfy  (1).  Let  m,pt  satisfy  (11a, b)  and 
suppose  that 


(12)  j*xA  <eial^t^>1  “  1  “  ia]}[<|>])pn<dadj})  ---> 

-  1  -  ia  ]^  [  4>]  )(j  (dad  )  V  4>  e  $ 


(13)  mn[<|>]  >  m[4>l  V  <j>  €  $. 


Then,  for  every  T  >  0, 


pj  “>  Rj  as  n  ->  oo. 
PROOF: 


Fix  T  >  0.  Since  (1)  is  assumed  to  hold  {p£  :  n  >  1)  is 

tight  on  D([0,T],S _ ).  Hence  it  suffices  to  show  finite 

— q 

dimensional  convergence: 

Let  0  <  tx  <. . .<  tR  <  T  and  6  <$;  k  *  1,...,K. 

Then  the  characteristic  functions  for 
(x£'T[$1l,...,x£'T[qiK])  and 


(xt,  Xt  [$K])  are,  respectively, 

X  K 


Cn(al'  *  *  * ,aK> 


exp Jim" t  2_  tkak^k^  + 


jo  |rxA  <eiaI?tP<S>1  -  1  - 


•  •  •  #  &  ) 


exp[j.mt  ^  tkak1lkl  + 

fcl 


Jo  1rxA  (eial?IF(s)1  -  1  -  ia]^(F(s)  ]  )p 


where 


F  ( s )  * 1 


L_  ak1[0,tk] (s)^k' 
k-1  * 


By  (13)  it  is  enough  to  show  that 


-pK  /RxA<eia^P*8**  -  1 


'-*•  V*  •’•V'  -*•  V*  v%  «"•  .*• .  "*  WVV>.V*  •>V  *  /'j'’' -*»  V’’V* /*>  « 
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-  iaI}tF(s)])Mn<dad]}>dsj  « 

exp[g  jRxA  (eiar|lP(8)1  -  1  -  ia  [  F  ( s )  ]  p  ( dad ) dsj 

now,  F ( s )  is  piecewise  constant,  i.e.  there  are 
0  »  sQ  < . . . <  sM  *  T  and  ^ » • • •  4^  6  $  such  that 

/”  ^  j  if  S  6  ]  a  1, .  .  .  ,M  —  1 

F  ( s )  = 

^  3  ®  ^ SM— 1 

Hence 


So  (rxA  (eiaI?lF(s)1  -  1  -  iaJ}[F(s>  Jnn(dadJ})ds  * 

(t  r  V1  ianc^ji 

jo  L  (  RXA  (e  -  1  -  i«I}[*j3)|«n(dadIJ) 


-  ial^[<|>M])^n(dadl7)l[s^i#T,(s)  Jds  = 


r5-  (  iaDI^ .  ] 

)_  JrxA  (S  -  1  -  ial^jD^dadlJHs.  -  »  i 

j=l 


(by  (12) 


n->oo 


A  l  iaJJCf,] 

>  JrxA  <e  ~  1  "  iRlJt+jDMtdadl}) 


lsj  -  ■j-l)  * 


(Recall  that  JRx/a^  . .  .  \x  (dadTJ ) 

JS  U  <W*”'  -  I  -  u 


concluding  the  proof. 


is  finite  by  (lib) ) 
I^[F(s)])(i(  dad  )  ds , 


Let  y  °  be  a  $r—  valued  random  variable  and  let 

(Jt)t>0  denote  the  unique  solution  to  the  <p—  valued 

SDE 


dit  -  A’Jtdt  +  dxt 


Let  m  and  \i  satisfy  (1),  let  m,|i  satisfy  (11a, b)  and 
suppose  that  (12)  and  (13)  hold.  Suppose  further  that 


(14)  3  r  6  ■  s  sup  max{E|j  n||^  #1 


>  <  oo 


and  that  =====  >  on  $_r- 
n->ao 


Then,  for  any  T  >  0,  3  PT  €  *  : 


n,T _ .  T 


*>  t1  on  D([0,T],$  ) 


n-»ao 


where 


?  (ft}t€[0  »T]. 


PROOF! 


Let  T  >  0.  Recall  that  q  >  r-  is  such  that  the  canonical 
r  ^ 

injection  ^  is  Hilbert— Schmidt  from  ({j^  <j>r  .  Let 
(4>j  s  j  e  H)  be  a  CONS  in  <|q  consisting  of  elements  of  $ 
Then  note  that 


E  sup 


,n,T  n  2 


0<t<T 


fi(sup  )  (X",i[<j>.])z)  < 

0<t<T  3 


OP 

E{  )  sup  (x|}'T[<|>.])2)  = 
j^i  °<t<T  3 


oo 

)  Esup  (X^C  <|» .  ] )  2  < 
0<t<T  3 


CO 

2(T2mn[4>j]2  +  4TQn(^>j/4>.  ))  <  (by  (D) 

3=1 

CD 

2C(T2v4T)  H4,.  ||  2  = 

3=1  2 

f 

2C(T^4T)||  q2||2s  V  ne  N , 

(where  ll«llHS  denotes  the  Hilbert-Schmidt  norm)  i.e. 

III. (29)  of  AS. 3,  chapter  III  is  satisfied.  Moreover, 
Xn,T,XT  e  D(  [  0,T]  ,j$_q)  (P— a.s.)  by  assumption  and  Xn  and 
X  are  (]>'— valued  (weak)  L  —  semimartingales.  By  Theorem 

IV.  1.4,  (1),  (11a, b),  (12)  and  (13)  imply  that 

Xn'T  ===>  XT  on  D([0,T],<|  ).  Since  also  (14)  is  supposed 

n->oo  q 

to  hold,  the  assumptions  of  Theorem  III. 2.1.  are  satisfied 
and  the  conclusion  therefore  follows  from  this  theorem. 


-Next  we  shall  give  conditions  for  the  weak  convergence  of 


a  sequence  Wn  of  <£'—  valued  Wiener  processes  to  another 
(}>'— valued  Wiener  process  W,  and  then  employ  these 
together  with  Theorem  III. 2.1.  to  give  the  corresponding 
weak  convergence  result  for  the  solutions  to  the  SDE's 
driven  by  Wn  and  W,  respectively. 

Let,  for  n  6  N,  ran  6  <j>'  and  let  Bn  :  <£x(ji  8  be  bilinear 
symmetric  functionals  satisfying  (1).  Let  Wn  =  (wj?)t>g 
denote  the  <$'—  valued  Wiener  process  with  parameters  m11 
and  Bn.  (1)  and  Remark  7,  chapter  III  imply  that  w"  e  <j>_c 
V  t  >  0,  for  some  q  which  does  not  depend  on  n  G  N. 


IV. 1.6.  THEOREM 

Suppose  that,  in  addition  to  satisfying  (1),  Bn  and  m11 
satisfy 

(15)  Bn(<j>,<|>) - >  Q(<t>,<J>)  V  e  <| 

n->oo 

(16)  mn[<j>} - >  m[$]  V  <t>  €  <j>. 

n-»oo 

Then,  for  each  T  >  0,  we  have 

Wn'T  *«>  WT  on  C([0,T],$  ), 

n->oo  q 

where  Wn,T  *  ^t^teiO  T]  and  Wt  is  the  $*”valued  Wiener 
process  introduced  on  page  /^. 
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PROOF: 


We  must  prove  that 


V  t  >  0  {Wn'T  :  n  e  1}  is  tight  on  C(  [  0,T]  ,<£_g)  and 


V  0  <  t1  <...<tN  <  T  V  6 

(w";T  <wVv’?-i- 

The  tightness  part  is  proved  in  the  same  way  as  the 
tightness  part  of  theorem  IV. 1.1. 


Now,  a  calculation  shows  that 


E  exp(i 


L  a:M";T  ‘V>  ■ 

3=1  3 


exp[i  ^  t^m"  [())..] 
3=1 


1  _N_  _N_ 

;  z_  )_ 

1  j=l  k=l 


- >  (by  (15)  and  (16)) 

n~>oo 


.  N  N 

V  V 


exp[i  t.a.ml^.]  tjtka.akB(drj,<Fk)] 

j=l  j*l  k=l 


_N_ 

1  •ftpi'  1 

j-1  3 


E  exp(i 


Letting  ■  *^t*t>0  denote  the  solution  to  the 

SDE  on  (§' : 

*nl  -  A'iftdt  +  K 

•  >?„ 

and  =»  <17t)t>o  156  tlle  $'  —valued  process  introduced  on 
page  we  have 


IV. 1.7.  THEOREM 


Let,  in  addition  to  (1),  Bn  and  mn  satisfy  (15)  and  (16) 
of  theorem  IV. 6,  and  suppose  that  l^n  and  J^°  satisfy 

(17)  3  r  6  11  5  SUP  max <E||  I^nH^.rr  E||  1^° || _r >  <  oo  and 


n 


n 


n-»ao 


17  °n  <Lr- 


Then,  V  T  >  0  ]  pT  6  ■: 


r)n#T  *»»>  r)T  on  C([0,T],ff  ), 

n->oo  '  PT 

where  1}  '  :»  ( 1?t)te[0,T]  * 


PROOF: 
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By  (1),  (15)  and  (16)  and  theorem  IV. 1.6  Wn'T  «*>  WT  on 

,r~  n-»oo 

D( 1 0,T1  »$_g)  V  t  >  0  where  q  =  min{p  s  ^,p  is 
Hilbert— Schmidt ) .  Moreover  (1)  implies  (29)  of  AS. 3  in 
chapter  III  and  (17)  supplies  the  remaining  condition  of 
theorem  III. 2.1  (recall  Remark  9  of  Chapter  III). 


As  indicated  at  the  beginning  of  this  section ,  Kallianpur 
and  Wolpert  ([14)1  used  Poisson  random  measures  defined 
via  intensity  measures  on  (Rx  j(  ,  B  (R)xB)  where  (#,B)  is  a 
suitable  chosen  measurable  space,  rather  than  by 
mean/ covariance  measures  defined  on  (RxA,A (R)x8 (A) )  ; 

A  6  B($')  as  we  have  done  it  here. 

It  is  therefore  natural  to  address  the  question  of  when 
Kallianpur’ s  and  Wolpert’ s  framework  is  contained  in  the 
one  we  have  presented  here.  The  following  result  gives  a 
(partial)  answer: 

IV. 1.8.  PROPOSITION 

Let  be  a  6"— compact  topological  Hausdorff  space,  and 
suppose  that  elements  of  $  are  continuous  functions  on 
Further,  suppose  that 

(18)  (£x  :  x  6  X  >  c:  , 

W 

w 

■w 


where,  for  each  x  e  K  ,  &x  is  the  linear  functional  on  J 


given  by 


£xt$]  “  $<x)  V  $  e  <£. 

Then,  for  any  B  c.  )f  closed, 

<£x  s  x  e  b>  e  8<<]>' ). 

REMARK 

The  conditions  of  the  proposition  are  satisfied  e.g.  for 
#  -  Rd  and  $  =  ^<Md). 

Note  also  that  a  sufficient  condition  that  (18)  hold  is 
that  convergence  in  the  topology  implies  pointwise 
convergence  for  functions  on  . 

PROOF  OF  PROPOSITION  IV. 1.8: 

By  6— compactness  of  ^  ,  there  exists  a  sequence 

c  ...  c  Kn  c  . . .  of  compact  sets  such  that 

1  -  nVl  V 

Let  Be  jf  be  closed.  Let  An  *  (&x  :  x  6  Bf!Kn>. 

Since  {^x  :  x  e  B}  *  An  and  8(C§')is  generated  by  the 
weakly  open  sets  in  <£' ,  it  suffices  to  show  that  An  is 
weakly  closed  for  all  n  e  M: 


Let  n  6  N,  and  suppose  that  #</gA  *s  a  net 

converging  weakly  to  some  6  <$' ;  i.e. 


J  [*]  +  r}1*1  V  <j>  e  $. 


Now,  &  [<j>]  =  ^x  ■,>  V  $  6  $• 


Since  x.  €  K  n  B  V  ^6  A  and  K  HB  is  compact  there  is  a 
*  n  n 


subnet 


{x  :  /s  el* >  which  converges  to  x,  say,  in  K  nB. 


Since  each  element  of  |  is  a  continuous  function  on  X  ,  it 


follows  that 


£  [<H  *  <|>(x  )  $(x)  V  $  e  j$,  i.e. 

[4>i  »  iim  £x  [«t>]  =  4><x)  v  <|>  e  $. 

z3  z5 

Hence  =  <^x,  so  €  An  since  x  6  KnOB,  and  therefore 
An  is  closed. 


Taking  B  =  |  in  the  proposition,  we  see  that 
A  e  8  (<$' ) , where  A  *-  (ix  :  x  e  )f  >.  Define  a  map 

9  :  Rx)fx[0,oo)  -»  RxAx[0,oo)  by 

9(a,x,t)  -  (a,&  ,t). 


It  follows  from  the  proposition  that 


e  is  8<R>x8(A>x8(lO,aD))/B(R)xB()f  )x8([0,a>))  measurable 

Similarly,  the  mapping  r :  Rxjf  RxA  given  by 
tXa,x)  *  (a,^x)  is 

8 (R)xB(A>/fi (B)x8 )  measurable. 

So  if  mn  e  <}>'  and  p"  is  a  finite  measure  on  B(R)xB(j^  ) 
satisfying 

mnl4»l2  +  Q?(<j>,<|»  <  C  J|  4» JJ  2  v  n  6  N,  where 

i  ri 

Qi *-  /Rx£  a2<}>(x)^(x)pj(dadx);  e  $ 

and  N^(dadxdt)  is  a  Poisson  random  measure  on  Rx)f  x[0,od 
with  intensity  measure  n” (dadx)dt ,  then 

Nn(dadf}dt)  z~  n”  is  a  Poisson  random  measure  on 

RxAx [ 0 , oo )  with  intensity  measure 

pn(dad )dt,  where 

and  Qn<4>,$>  :»  jRxA  a2]}!*]  J^H|nMn(dad^ ) 

■  L,  a2$(x)$(x)n"<dadx) 
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-  Qj<M>  V  <M  e  $. 

So  that  Qn  together  with  mn;  n  >  1  satisfy  (1). 

Therefore,  under  the  conditions  of  proposition  IV. 1.8,  the 
Kallianpur  and  Wolpert  framework  can  indeed  be  represented 
in  ours,  and  in  this  case  their  weak  convergence  result 
([14],  Theorem. 3. 2. )  is  analogue  to  our  Theorem  IV. 1.3. 
[Recall  from  Proposition  III. 1.13  that  the  semigroup 
{Tt  :  t  0}  with  generator  — L  considered  in  [14]  satisfy 
our  assumption  AS.l  in  section  III.].  However,  one  would 
still  have  to  verify  the  validity  of  the  assumptions  of 
Proposition  IV. 1.8.  for  each  of  the  examples  given  in  [14]. 

II. 2. 


Next,  we  shall  apply  our  results  to  giving  a  rigorous 
formulation  and  investigation  of  a  model  recently  proposed 
by  Wan  &  Tuckwell  [30]: 

In  order  to  study  the  behaviour  of  the  difference  V(t,x) 
at  time  t  between  the  so-called  resting  potential  and  the 
actual  potential  at  point  x  on  the  surface  of  an 
infinitely  thin  cylinder  shaped  neuron  which  receives 
synaptic  stimuli  of  the  finite  spatial  extent  at  each 
of  N  sites  x^.  Wan  &  Tuckwell  investigated  the  model 
formally  given  by 
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dW 


(19) 


2  N 

-2- 

—  “  "  v  +  — T  *  )_  *^C7T) 

it  ix*  dt 


V<0,x) 


V(t,0)  *  0  =  V(t,b);  V  t  >  0, 


where 


h(x;xi,ei) 


(xi“ei,xi+6i) 


(x) 


*xi'6i  >  ®  fixed  for  i  *  1,...,N) 


and  where  W*;  i  =  are  independent  standard  Wiener 

processes.  * ^  and  ^  represent  input  current  parameters 
and  the  neuron  is  thought  of  as  the  interval  [0,b];  for 
some  b  >  0. 


To  see  how  this  model  can  be  given  a  rigorous 
representation  as  a  valued  SDE,  let  H  =  L  ( [ 0, b] )  with 
inner  product  denoted  by  <.,.>H.  Let  L  denote  the  operator 
I  —  A  <A  *  Laplace  operator  in  one  dimension)  with 
Neumann  boundary  conditions  at  0  and  b.  Then  L  is  a 
densely  defined  positive  definite  selfadjoint  closed 
linear  operator  on  H  and  admits  a  CONS 

(4>j  :  j  *  0,1,2,...}  in  H  consisting  of  eigenvectors  of  L; 

lV 

L$j  ■  \j$j?  j  “  0,1,2,...,  where  \j  »  1  +  — and 


♦j(X)  - 


I 


b~1/2 


if  j  -  0 


L8 


<-)*'“  Cos  ( - )  if  j  >  1. 

v  b  b 

Further,  As*  — L  is  the  generator  of  a  self ad joint 
contraction  semigroup  {T.  :  t  >  0}  on  H  whose  resolvent 
R(\)  =  (\I  —  A)~"*  is  Hilbert— Schmidt  on  H. 

Letting 

$:*{<►  6  H  s  ||  (I  -  A) r4»|| H  <  co  V  r  6  R> 

and  defining  norms  ||.||r;  r  6  R  on  $  by 

||<Mlr  *«  ||  (I  -  A)r<|>||H;  4>  e  $ 

we  put  3>r  equal  to  the  ||  .  f  r-completion  of  §>. 

Then  $  =  i Q  <£r  and  if  Z  denotes  the  Frechet  topology  on 
$  generated  by  { ||  .  ||  r  s  r  e  R>  (i.e.  the  projective  limit 
topology  on  <£}),  then  (<£,c)  ^  H  (where  <|>'  denotes  the 

strong  dual  of  (<|,r))  is  a  rigged  Hilbert  space.  Since 
A  *  — Lf  and  L  is  a  densely  defined  positive  selfadjoint 
closed  linear  operator  on  H  we  see  from  Proposition 
III. 1.13  that  A  and  {Tfc  :  t  >  0}  satisfy  AS.l  of  chapter 
III. 


Moreover,  :  j  e  B)  c  <£,  Dom(L)  and  per 

construction  of  (f>  every  element  of  <£  is  an  infinitely 
differentiable  function.  Let  N  e  H  fixed,  and  for  each 
i  *  1,...,N  let  ^  e  J'.  Let  V, ;  i  *  1,...,N  be  V—  finite 


measures  on  R  satisfying 


^(da) 


<  oo 


V  ii 


and  let  p  be  the  measure  on  RxA/  where 
A  *  *  i  *  1, . . . , N} ,  given  by 


N 

\  ;  where  is  the  point  mass  at  F 

A_  1  Si  5 

i=l 


Def ine 

cmM>  -  /rxa  M  6  5 

_N_ 

»  J*  a2V.(da)  J 
i=l 

then  Q  is  a  continuous,  bilinear  symmetric  functional  on 
$,  so  for  m  €  $'  given,  let  W  *  be  the  j$'  —  valued 
(actually  valued  for  some  q  £  MQ?  c.f.  Theorem 

III. 1.12)  Wiener  process  with  parameters  m  and  Q. 

Consider  the  SDE  on  : 

(20)  dr}t  =  A'r^tdt  +  dwfcf  r^0  -  0 

Now,  W  is  a  weak  <|>'— valued  continuous  L  -semimartingale, 
and  since  A  and  (Tfc  :  t  >  0)  satisfy  AS.l  there  is  a 
unique  continuous  $r— valued  solution  (from  Theorem 


III. 1.5  and  Remark  6)  given  by 


^t1*1  “fo  wsITt-sA*lds  +  wtt4>l  v  4>  e  $ 

(with  probability  one). 

Choosing  ^  -  <h< . jx^ ei ) , . >fl  V  i  *  1,...,N  and 
_N_ 

m  -  »*  -  )_  -Cih-  -  /«  a2VA  (da) , 
i»l 

(20)  is  the  representation  of  (19)  as  an  SDE  on  <j>' .  To  see 
that  this  is  indeed  the  case,  expand 

CP 

4>  6  ^  4>j  (converging  in  ((£,r)) 

3*0 

(recall  that  <{>..€<£  V  j  e  I) 

Then  (writing  rj®  for  l^t  and  W®  for  Wfc) 
oo 

'It1*1  -  )_  Mf‘Tt-sA+jlds  +  "t'+jl’ 

j-o 

(converging  in  L2(A,FfP)). 

Define  for  x  6  [0,b]  and  n  6  H 

n 

V^(t,x)  ^  (J£  W®[Tt_gA«J>.]ds  +  W^DfjU). 

3-0 

\  r*  “X^(t— S)  g  _ 

-  >  <J o  -Xj«  3  w^i^jds  +  w®(4»j])4>j(X) 


Then,  noting  that  sup  J  <f» .  (x)|  <  l-)w*  V  j  >  0  we 

x€[ 0, b]  3  b 

find 


(21)  E  )  sup 

j*0  °^b 


t  -V.(t-s)  p 

o  -Xje  3  W'tfjlds  * 


w®t*jHM>J(x)| 


O  E')o 

D=0 


X.i(ts)p  p  2  % 

“Xje  3  Wjl^jds  +  W®[ fj]|  (-) 1/2 


and  applying  ItO's  formula  to  the  term  inside  each 
absolute  value,  we  get 


E  )  SUP  I  £ 

U  °<x<b  } 


-Xi(t-s) 

~Xje  J  wj[4>.]ds  +  w* 


Wgi^jids  +  w®[4>j]||4>.(x>| 


i)E|(oe  1 1~>1/2 

D=o  b 


-Xj(t-s) 

3 


-Xj(t-s)  >p  2  . 
meI^j3ds  +  jo  e  dwjt^nt-)1 


(where  W®  W®[4>.]  -  j  =  0,1,...) 


<  (-)1/2  Y  ffi(  (J  e  Xj<t  8)mp[^]ds  + 


^2b  w 


'  *  \ 


2_  i^ieii  for  ^ 

1=1 


Also,  for  j  >  1 


N 

Q  (<j>j,<J)j)  =  y  £ 

i=l 


f(Vei  (i 

Wx.-e.  b 


)1//2COS( 


i  i 


8b 


JL 

1  W‘  h*i' 


j=l 


(recall  that^  ?  :  =  |R  a2'Vi(da>) 


A  46? 


while  Qc(<j>0,<}>0)  <  )  —/3f 

A  ■■  h 


i=»l 


so 


L  [h'V2*; 

j=o 


-2 


(1  - 


X jt  2 

e  J  )  + 


1  — 2\.t  g  -t 

- (1  -  e  3  )Qfe(<t>j,4>j)J 


1/2 


2S 


n 


N 


v  r  8b  v  2 

<  CONSTANT  +  '  — j72(  )  Ui  I  >  <1  + 


«  • 


e 


and  combining  this  with  (2l>  we  see  that  the  series 


oo 


sup 

o<x<b 


-\.,<t-s) 
e  J 


weH»j]ds  +  W®[^1 1  |4j(x)  | 


is  convergent  (P— a.s.). 


But  then  the  sum  defining  Vg(t,x)  is  absolutely  convergent 
for  all  x  e  [0,bl  P—a.s.,  and  hence 


Vc(t,x)  -  lim  v5(t,x)  exists  for  all  x  6  [Orbl  (P-a.s.) 
n-»ao  e 

for  each  t  >  0. 


Moreover,  there  is  a  constant  C  *  C(t,c*0  such  that 

sup  sup  |Vp(t,x)|  <  C  (P—a.s.)  V  t  >  0. 
neM  0<x<b 

Therefore,  the  DCT  gives 

<v|!(t,.),4»H - >  <Ve(t,.),4»H  P-a.s. 

n->a> 

for  each  t  >  0  and  each  ^  e  J. 

But  <Vg(t,.  )  ,<|»H  - 
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)  <|o  "sITt-.A*jld*  +  “t'+j1’  <♦'♦!>! 

J=5 


l/(A,F,P>  e 

- >!}*($].  4>  e  $,  so 

n-»a> 


<Vg(t#  . )  *4»g  -  ]}®[<M»  P-a.s. 


for  each  ^  6  <|  and  t  £  0, 


To  complete  our  argument  that  the  process  given  by 


oo 

Ve(t,x)  -  )  (jo  «®tTt-sA+j>d*  + 
1-0 


V  x  e  [0,b]  P— a.s. 


is  the  rigorous  representation  of  the  process  formally 
given  by  (19),  let  us  see  that  EVg(t,x)  and  VarVg(t,x) 
actually  agree  with  the  formulae  found  in  [30]  by  a 
heuristic  argument: 


First  we  note  that  a  simple  computation  will  verify  that, 
for  each  x  e  [0,b]  and  t  >  0 


Ii(&,F,P) 

Vg(t,x) - >  Vg  ( t ,  x ) 

n-»oo 


Therefore,  we  get 


re(t,x)  -  e  >  <  ;  tyTt_aA*,]ds  * 

3-0 


v*  (t  -X^(t-a) 

E  >  ()o  "Xje  3  Wa[*j]d8  +  «tl*jl,*j(x) 

5=0 


5=6 


dWa[^j]^j(x) 


00 

V(t  e 
/  )° e 
j-0 


Vft  rVt’8, 


oo 

)  ■[♦j]X71(i 

J=0 


e  3  >fj(x) 


\  >  \ 

Z_*i  (- 

i»l  5=0 


(x)i|r .  ixi’,ei) 


“Xjt 

e  3  ) 


which  is  formula  (8)  page  279  in  Wan  fc  Tuckwell  [30]. 
Here,  as  in  [30], 


^  ( .  *x^ , )  ,f>j>i 


fxi+ei 

\  $.(x)dx. 

Jxi“ei  3 


Next, 


00  00 


f  ft  -X,<t-s>  . 

VarV0(t,x)  -  E)  )  e  3  dwr^l 


,  '  :» -tv*-  »  *■<•»»  -*■  v*  » , 


-X^tt-s)  - 

K  ju 


dWs[+k)^j(x)+k(x) 


f  f 

j^o  k=b 


Q(^j,^k)ds^j(x)4k(x) 


^  Q<^,4>k)  -(X^+Xk)t 

z.[r^i“,v,,(1'e  ’ 

J^O  k-0  xj  +  Kk 

f  2  V  V  ♦i<»>V»>»i<«i.«1>V»1»gi> 
£i  1  £o  k=i>  ‘‘j  +  St 


b  k=o 


Xj  +  Xk 


-(X,+  Xk)t 
(1  -  e  3  *  ) 


which  is  formula  (10)  in  [30]. 

Wan  &  Tuckwell  proceed  to  compute  the  limit  as  G.  4  0 
V  i  *  1,...,N  in  such  a  way  that  -»  a^  and 

6^  .  4  b.  >  0  of  BVg(trx)  and  VarVg(t,x),  and  they  find 

that  these  limits  correspond  to  having  point  stimuli  (i.e. 
h(x,xi,ei)  replaced  by  <^x  (x))  at  each  of  x^;  i  *  1,...,N. 

This  result  may  be  obtained  from  theorem  IV. 1.7  in  the 
following  manner: 

Por  each  i  -  1,...,N  take  where  y^  a  is 

finite  measure  on  R  with  compact  support. 


Noting  that  every  $  e  §  is  a  continuous  function  on  [0,b] 
(recall  that  $  c  Oon(L)  and  that  L  is  a  differential 
operator)  we  let  e.  ^  0  in  such  a  way  that  ->  a^. 


Then 


lim  mc[4>]  »  lim  }  or'.  <h( .  ;x. , e. )  ,$>„ 
e  A—.  1  11  " 


ei“^°  i*l 


.im  )  o(A  1  1  +C 

>*  i“ei 


x )  dx 


N 

E  2ai*<xi> 

i-1 


N 

)  2ai4x  ‘  +  1 

fcl  1 


lim  (T(4>,4»  *  lim  ) /3  f  <  14>(x)dx) 

e.->o  e.  1  /x.-e. 


ei->o 


'i  i*l 


l  l 


.lm  )  b?e,  2(  (*l  Sl+(x)dx)2  La2y. 


(da) 


>i+<xi>2  /* 


a2^ (da) 


f*  *  ’>  V  V  .*  V  '*  •  ’*'<»*■  ‘  .  v  *  •  v  *  .  *  -  *.  * 


.■*  /•  .V  .N  ■ 


v'  V  v'  O  V1 
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l»et*l|2  +  1 

JL  JL 

("()  |b«.9XjLr«±»|B|  ^.|)2  +  )  /4?|h(.,xi,ei)|2]  mjj 

ra  ivi 

_N_  JJ_ 

-  (  )  2ei|  +  )  4k>12>  H^n5 

i^l  h?\ 


<  constant  || 4>|| *  V  eL, 

since  6^^  -»  a£  and  ->  Oj  where  CONSTANT  is 
independent  of  €^,  so  condition  (1)  of  section  1  is 
satisfied.  Since  the  initial  condition  is  zero,  theorem 
IV. 1.7  yields 

ne'T  »««>  nT  on  C<[0,T],5  )  V  T  >  0 

(  ei-»o  (  qT 

for  some  qT  >  0. 

Here,  »  <^7t)t>0  is  the  solution  to  <20)  for 

JL 

Q<4>,4>>  -  )  4bjiv  [*>J  and 

A  i 


Now,  take 


jRa  *  1.  Then 


N 


V  lB  f  <+'Vh*J<xi> 

2 a  i—J  <1 

i*l  j-0  Xj 


-X4t 


—  e 


);  Ml 


and 


N 


r  4b?  “  “  <«’-*i>H<Mlt>„+i<*1>v«1> 

•  _ «  •  01  «  a 


VarIJt[4>] 


i*l  j*0  k*0 


Xj  +  Xk 


-<XH+Xk)t 

(1  -  e  J  * 


). 


CD 


Since  V(t,x)  »  X 


(x)  (in  L4(A,F,P)) 


we  get 


(22)  EV(t,x> 


f  f4>j<V 

2_  2«i  )  — 1 — Hj(x)(l 
i*l  j-0  Xj 


Xjt 
e  3  ) 


and 


(23)  VarV(t,x) 


N  00  00  i  .  .  i  , 

rlk!r  v  ♦■i'Wv 


\  Ik*  \  \  ’J  X-R. 

/  4bi  /  /_  . 

i-l  j-0  k-0  Xj  +  k, 


♦j  (x)4»k(x) 


(22)  and  (23)  are  the  expressions  found  by  Wan  &  Tuckwell 
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for  point  stimuli  at  x^;i  *  1,...,N. 


In  practice,  equation  (20)  is  likely  to  arise  as  a  limit 
of  equations  where  the  noise  is  not  a  Wiener  process,  but 
rather  a  process  generated  by  a  Poisson  random  measure  in 
the  manner  considered  in  section  1.  As  an  illustration, 
take  to  be  measures  on  RxA?  where 


A  *  (JA  *  i  *  1, . . . ,N)  of  the  form 


}  't)?x&_  ,  where 
L-  1  Si 


for  each  n  6  ■  and  i  *  1,...,N  v"  is  a  C— finite  measure 


on  ■  such  that 


sup  <C<ao  V  i  «  1,...,N. 

n€M 


Let  mn  e  converge  weakly  to  mg.  hen  there  is  r  6 


such  that 


|mnt4»l  |  2  <  K 1 4» ||  ^  y  n  e 


And  since 


l&ltll*  <  <2ei>2HII2  <  (2ei)z|H>||J 


2  ii  x  ii  2 


we  get 


|mn[$]|2  +  Qn($,$)  - 

N 

|mn[$J  |2  +  Y_  jRa2Vi<da>(Ji[4»])2  < 

i«l 

CONSTANT  ||^>y2  V  n  e  ■;  i.e.  (1)  holds  with  r2  =  r. 

Let  X?;  n  >  1  denote  the  —valued  processes  constructed 
from  mn  and  pn  on  p.  /5"3. 

Letting  denote  the  solution  to 

d$"  -  -L'  “  ♦  dxj 

So  “  0 

Theorem  IV.  1.3  gives  the  existence  of  p,p  such  that 

rn,T  »»»>  ne,T  on  D([0,T],<5  ) 

5  n-»ao  (  PT 

provided  that 

(24)  lim  L|a|3v?(da)  -0  Vi*  1,...*H 

n-»oo  /K  1 

and 

(25)  lim  La2v”(da)  - /s\  V  i  -  1,...,N, 

n-»oo  '  ' 

p 

i.e.  the  previously  considered  process  can  be  thought 


196 


of  as  the  limit  of  solutions  to  SDB's  with  Poisson 
generated  noise. 

Physically,  this  type  of  weak  convergence  can  be  thought 
of  as  a  situation  in  which  the  individual  current  stimuli 
of  the  neuron  arrive  very  densely  in  each  small  time 
interval  so  as  to  create  a  total  contribution  to  the 
electrical  potential  which  behaves  like  the  continuous 
Wiener  process. 


This  latter  convergence  can  be  thought  of  as  modelling  a 
situation  in  which  the  individual  stimuli  received  by  the 
neuron  do  not  tend  to  arrive  very  densely  packed  in  each 


small  time  interval,  but  rather  tend  to  arrive  clustered 
at  random  points  of  time. 

-Let  us  conclude  our  discussion  by  briefly  summarizing 
what  we  have  obtained: 

By  proposing  to  represent  the  arrival  sites  of  the  stimuli 
of  the  neuron  as  distributions  €  <£'  rather  than  by  points 
x  on  the  surface  of  the  neuron  we  have  given  a  rigorous 
representation  (20)  of  the  Wan  &  Tuckwell  model  (19)  for 
the  behaviour  of  the  electrical  potential  in  an  infinitely 
thin  neuron  which  receives  stimuli  of  a  spatial  extent 
described  by  the  distribution  =  <h( .  ) , .  >H  at  each 

of  N  points.  -We  wish  to  emphasize  that  Lt  is  not  possible 
to  incorporate  the  Wan  &  Tuckwell  model  into  the  framework 
used  in  [14]. 

We  have  then  exhibited  the  solution  as  a  §>'  —valued 
6 

process  ]^t,  with  the  interpretation  that  for  suitable 

g 

testf unctions  4>  (describing  our  measuring  device) 
represents  the  measured  voltage  potential  difference  at 
time  t.  We  saw  also  that  for  the  Wan  &  Tuckwell  model  the 

P 

electrical  potential  V  (t,x)  is  well-defined  at  each 

.  6 
point  x  of  the  surface  of  the  neuron  and  V  (t,x)  is 

related  to  by 
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By  means  of  Theorem  III. 2.1.  (disguised  as  Theorem 

a 

III.  1.3)  we  then  saw  that  TJ  can  be  thought  of  as  the 

limit  in  distribution  of  processes  driven  by 
Poisson— generated  stimuli,  and  further  that  (as  was 
heuristically  obtained  by  Wan  &  Tuckwell),  as  6  0  in  an 

e 

appropiate  manner,  converges  in  distribution  to  the 
process  ]^.,  which  describes  the  evolution  of  the 
electrical  potential  when  stimulation  occur  precisely  at 
the  points  x^;i  =  1,...,N,  of  the  neuronal  surface. 

Moreover,  Theorem  III. 2.1.  (in  the  form  of  Theorem 

IV.  1.5)  permitted  us  to  give  conditions  under  which  the 
solution  for  Poisson  generated  stimuli  would  converge  to  a 
process  still  driven  by  Poisson  generated  stimuli. 

It  is  our  hope  that  we  have  hereby  illustrated  that  the 
proposed  approach  of  considering  the  arrival  sites  as 
given  by  distributions  (rather  than  by  points  on  the 
neuronal  surface)  together  with  Theorem  III. 2.1  and  its 
consequences,  provide  a  framework  and  a  tool  which  is 
ample  and  powerful  enough  to  permit  the  analysis  of  many 
aspects  of  the  neuronal  models. 

For  more  general  models  of  neuronal  behaviour  than  (19), 
it  may  be  of  interest  to  estimate  the  mean  functional  m 
(which  represents  the  mean  arrival  rate  of  stimuli)  as 
well  as  testing  hypothesis  about  m. 

The  results  of  chapter  II  should  be  useful  in  this 


til 


Let  us  briefly  recall  the  definition  of  a  countably 


Hilbert  nuclear  space: 


DEFINITION 


Let  $  be  a  linear  space  upon  which  a  sequence  of  real 


inner  products  <.,.>n;  n  6  ■  is  given  with  the  property 


that  for  all  n,ra  6  ■  we  have: 


If  $  is  a  convergent  sequence  wrt. 

l*Bn  !~  <*,*>n/2'  and  {<hc})Sl  is  Cauchy  ln  Mlm*  then 

*^k*k*l  is  conver9ent  in  | .  ||  . 

Let  r  denote  the  Fr6chet  topology  on  $  which  is  generated 
by  the  norms  ll*HnJ  n  e  M. 

Then  $  is  called  a  countably  Hilbert  space  iff  ($#ZT)  is 


complete. 


(note  that  (<$*r)  is  metrizable  by  the  metric  d  given  by 


oo  H4>  —  ^nn  _ 

\  n  - S_  .  e 

L.  2  i  +  U*  -  *in 

n-1  n 


d<M> 


($,£)  is  then  complete  iff  (<$,d)  is  complete.) 


Let  (j$,  {<.  ?  •  >n  :  n  e  *})  be  a  countably  Hilbert  space 


and  let  || .  |  :■  Then  we  may,  and  shall 


henceforth ,  assume  that 


!♦!„  <  I*!.  V  n  <  m, 


*  •.*  *.*  V* 


v  ♦ « $. 
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Por  each  n  €  ■  let  $n  denote  the  completion  of  <|  wrt. 

J|.|ln.  Then  In=>  ^  V  m  >  n  and  $  -  D  ln- 

n>l 

DEFINITION 

A  countably  Hilbert  space  <|  is  called  a  countably  Hilbert 
nuclear  space  iff  we  have 

Vn6l3n>n: 

the  canonical  injection  ^  $n  is  a  Hilbert- 

Schmidt  operator. 

Let  $_n  :*  denote  the  strong  dual  of  the  Hilbert  space 
<|n  and  let  ||*||_n  denote  the  Hilbert  norm  on  3Ln-  Let  <£' 
denote  the  strong  topological  dual  of  where  $  is  a 
countably  Hilbert  nuclear  space.  Then 

*  U  with  the  (strict)  inductive  limit 

ne«  n 

topology . 

Moreover,  on  either  $  or  a  sequence  is  weakly 
convergent  iff  it  is  stongly  convergent.  The  G— field 
generated  by  the  strongly  open  sets  in  <$'  is  the  same  as 
that  generated  by  the  weakly  open  sets  and  it  is  therefore 
unambiguously  called  the  Borel  (S'— field  of  ,  and 
denoted  B<J' ).  We  refer  to  Gel'fand  &  Vilenkin  [6), 
chapter  3  for  the  proof  of  these  and  other  properties  of 
countably  Hilbert  nuclear  spaces. 


DEFINITION 


A  triplet  <|c->  H*->§p  where 

(i)  J  is  a  countably  Hilbert  nuclear  space  and  is 
the  strong  dual  of  $ 

(ii)  H  is  the  completion  of  $  wrt.  an  inner  product 

on  $  which  is  continuous  in  the  $- 
topology 

is  called  a  rigged  Hilbert  space. 

A  linear  topological  space  can  be  a  countably  Hilbert 
nuclear  space  even  if  its  topology  at  first  appears  to  be 
generated  by  more  than  countably  many  semi norms: 

Let  $  be  a  linear  space  upon  which  a  family 
{<*»*>r:r€R}  of  inner  products  are  given  with  the 
property  that 

B4>llr  <  V  r,s  e  r  e 

where  ||$!lr  V  $  € 

Let  0  ft  acr  be  any  subset  with  the  property  that 
(a)  V  r  e  R  3  seA:  s>r. 


■leu^if  tw^’,4  '^*7 
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Let  r  denote  the  Prfechet  topology  on  J  induced  by 

<|.|  :  r  e  R)  and  let  TA  denote  the  FrAchet  topology  on 

$  induced  by  { H • H  s  *  s  e  A). 

THEOREM 

Ir*  H  $r  and  1  • 

r  reR  r  A 

where  $r  :*  B.||r  -completion  of  <£. 

Moreover,  if 

(b)  V  i  6  ■  ]  s  6  I  with  8  >  Os  the  canonical 

injection  s  $  ->  ®  is  Hilbert-Schmidt 

s  s  r 

and  $  -  ft  $ 
r€N 

then  $  is  a  countably  Hilbert  nuclear  space  and  C*  Tg 

PROOF: 


n 

r€A 


Clearly,  D  $r  ^  D 

r€R  r  reA  r 

Conversely,  let  $6  f\  <5  .  For  a  fixed  t  6  R,  pick 

reA  r 

s  6  A,  s  >  t.  Since 


Nllt  <  Nils  V  t  e  i  we  have  is  c. 
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But  4>  e  C\  Ir  ->  4>  e  so  4>  e  ft.. 
r€A 


Since  t  e  A  was  arbitrary. 


/I  lr  <=  O  It. 

reA  r  r€R  r 


Next,  the  class  of  sets 


CA  :*  <  {*  e  $  :  #$||ri  <  eA,  i«l,...,k>: 

k  e  ■,  r^  e  A  and  6^  >  0  V  i*lf..»k) 

forms  a  complete  neighbourhood  base  at  zero  for  1^, 
while  the  class 


Cs-  {  <4>  e  I  :  H4»llri  <  ei  ,  i-i,...,k): 

k  e  M,  ri  e  R,  and  >  0  V  i*l,...,k) 

is  a  complete  neighbourhood  base  at  zero  for  T.  Let  Fee. 
Then 

P  .  (♦  e  J:  |*|  <  e. ,  i>l,...,k>  for  some  k  e  N,  e^  >  0 

and  rA  e  R. 

By  (a),  for  each  i>l,...,k  we  may  choose  s^  6  A  with 
*i  >  ri*  Then'  for  every  f  e  |: 

Mr  <  M.  ,  and  hence 


«.?  «.  -J*.  va 


p  =>  <f  e  ft 


<  «i  V  i»l»  • . . ,  k)  e  CA# 


i.e.  every  c— neighbourhood  contains  a  Z^— neighbourhood, 
i.e.  every  C  —  open  set  is  E^-open,  so  Z  is  weaker  than 
tA.  Conversely,  CA  C,  so  every  C^-open  set  is  Z- 
open,  so  rA  is  weaker  than  C  . 

Finally,  if  $  ■  D  <5  then  $  is  necessarily  complete, 

re»  r 

hence  countably  Hilbert,  and  therefore  countably  Hilbert 
nuclear  by  (b).  T *  ZTH  follows  from  the  first  part  of  the 
proof  because  ■  satisfies  (a). 


-  An  important  class  of  countably  Hilbert  nuclear  spaces 
is  constructed  in  the  following  manner: 


Let  (H,  < . , .  >jj )  be  a  real  separable  Hilbert  space  and  let  L 
be  a  densely  defined  selfadjoint  closed  positive  linear 
operator  on  H  satisfying: 


-2r, 

(c)  3  rx  e  R:  <\I  +  L)  A  is  Hilbert-Schmidt  on  H 


(c)  implies  that  there  is  a  CONS  (4>j:  j  6  HI  in  H 
consisting  of  eigenvectors  of  L;  L^j  *  V  j  6  *« 

Define,  for  a  fixed  \  >  0, 


W 

i  -  {$  e  H:  Y  <*,$.>2  (\  +  \.)2r  <00  V  r  e  R) 
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I  -  <i  e  H:  I  (XI  ♦  L) r  $||jj  <00  V  r  e  *} 

Por  each  r  6  R  define  an  inner  product  <.,.>r  and  a 
seminorm  |  •  |  r  on  <£  by 


oo 

«M>r  *-  y  ^fjvMjVx  +  Xj)21 

J=i 

and 

■  ♦*lr  *-  <+'t>l/2  f  e  $. 

$r  denote  the  fl.|r  -completion  of  J  and  give  J  the 
P rochet  topology  induced  by  (|.|r  :  r€  R}.  Letting 
denote  the  strong  topological  dual  of  $  we  have 

$  *  {*)  lir#  1“  [J  $_  with  the  inductive 
r€R  reR  r 

limit  topology. 

<“>  HBr  <  I4>HS  V  4>  e  $  and  consequently  $r  z>  $s 
V  r  <  s. 

( iii )  V  r  e  R:  The  canonical  injection  4.\  s 

5S  $r  is  Hilbert-Schmidt  for  every  s  £  r-fr^. 

(iv)  Por  r  >  0  <$_r  and  $r  are  in  duality  under  the 
pairing 


.  •  v. 

V* 1  *V*  .  *  x* 
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i 


t 


co 


(V) 


J}14>)  -  Y  <17^j>-r<*^j>r  '*  ^  6  $-r  ♦  6  I* 

j=i 

$o  *  H‘ 


(vi) 


j  e  I)  is  a  complete  orthogonal  system 


in  $r  for  every  r  6  R  with  ||$ j  II  *  (X  +  Xj)r 
for  each  j  e  I. 


( vii ) 


co 

Y  (X  +  Xj) 

3=1 


-2r, 


<  ao. 


Theorem  A1  together  with  ( i ),  (ii)  and  (iii)  imply  that  $ 
is  a  countably  Hilbert  nuclear  space.  We  shall  say  that  § 
is  generated  by  (XI  +  L). 


-  The  Schwartz  space  of  all  rapidly  decreasing  functions 


.d  , 


on  R  is  generated  by  (1/21  +  L) ,  where 


l*| 


-  -See  K.  Ito  [lo]  for  details. 


Let  (A,F,P)  be  a  complete  probability  space.  A  <p -valued 
map  on  A,  which  is  8(<p)/F  -measurable  is  called  a  ip- 
valued  random  variable.  A  <p -valued  map  IxA 
where  1  R  is  called  a  (stochastic)  process  iff 

A  $r  is  a  -valued  random  variable  for  every 
t  e  I. 
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